DIMENSION OF DIAGONAL SELF-AFFINE MEASURES WITH
EXPONENTIALLY SEPARATED PROJECTIONS

ZHOU FENG

ABSTRACT. Let u be a self-affine measure associated with a diagonal affine iterated function sys-
tem (IFS) ® = {(21,...,24) = (ri1®14ti1, ..., TiaZa+tiq) biea on R and a probability vector
p = (pi)iea. For 1 < j < d, denote the j-th Lyapunov exponent by x; := >, .\ —pilog|ri;l,
and define the IFS induced by ® on the j-th coordinate as ®; := {z — r; jz + t; j bica. We
prove that if x;, # xj, for 1 < j1 < j2 < d, and ®; is exponentially separated for 1 < j < d,
then the dimension of p is the minimum of d and its Lyapunov dimension. This confirms a
conjecture of Rapaport [52] by removing the additional assumption that the linear parts of the
maps in ¢ are contained in a 1-dimensional subgroup. One of the main ingredients of the proof
involves disintegrating u into random measures with convolution structure. In the course of the

proof, we establish new results on dimension and entropy increase for these random measures.

1. INTRODUCTION

1.1. Background and main results. Computing the dimension of self-affine fractals remains
a fundamental open problem in fractal geometry; see [7, 17]. This paper focuses on determining
the dimension of diagonal self-affine measures under mild assumptions.

An affine iterated function system (IFS) is a nonempty finite collection ® = {p;(z) =
Az + t; }ien of invertible affine contractions on RY. Tt is well known [34] that there is a unique
nonempty compact Kg, called the self-affine set, satisfying K¢ = U;ep pi(Kg). Given a prob-
ability vector p = (p;)ica, the associated self-affine measure u is the unique Borel probability
measure on R? such that p = Y icA i - @ilt, where i = o gpi_l denotes the pushforward
measure. When the linear parts {A;};ca are diagonal matrices, ® and u are referred to as
diagonal. In recent years, the exact dimensionality of self-affine measures has been established
(see [22] for diagonal case and [4, 20] for general case). That is, there exists a number dim p,
called the dimension of u, such that

iy (08B (2, 7))

=dimpyu for p-a.e. x,
r—0 logr

where B(xz,r) denotes the closed ball centered at x with radius 7.

The dimension theory of self-affine sets and measures has been extensively studied. Notably,
Falconer [16] introduced the affinity dimension dim4 ® which depends only on the linear parts
{A;}iea. He proved that if ||A;]] < 1/2 for all i € A, then for Lebesgue almost all translations
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{ti}iEAa
(1.1) dimpg K¢ = min {d,dimy ®},

where dimy denotes the Hausdorff dimension. (In fact, Falconer proved this for [|A;|| < 1/3;
Solomyak [58] later showed that ||A;]| < 1/2 suffices.) Similar results for self-affine measures
were obtained by Jordan, Pollicott and Simon [35], who showed that, under the same norm

condition, for Lebesgue almost all {t;}ica,
(1.2) dim g = min {d, dimz,(®,p)},
where dimp,(®, p) is the Lyapunov dimension defined in (1.4).

While the above results provide a characterization of typical cases, finding explicit and ver-
ifiable conditions for (1.1) and (1.2) to hold remains an open challenge. Recently, significant
progress has been made in this direction, particularly under the assumption that {A;};ca is
strongly irreducible (see [6, 32, 48] for d = 2 and [47, 53] for d = 3).

Diagonal systems, which contrast and complement the strongly irreducible case, form a sig-
nificant subclass of IFSs that have been studied since the 1980s [10, 44]. In this paper, we
consider a diagonal affine IFS on R%:

(1.3) ® = {pi(r) = Aiz + ti}ien,

where A; = diag(ri1,...,7i4) (0 < |r; ;| < 1) are diagonal matrices, and t; = (t; 1, .. .,t;.q4) € R%
Let Kg denote the corresponding self-affine set. Given a probability vector p = (p;)iea, let
u be the self-affine measure associated with ® and p. To state the results concerning the
dimensions of K¢ and p, we introduce some definitions. For 1 < j < d, denote the j-th
Lyapunov exponent by x; := > ;cp —pilog|ri |, and define the IFS induced by ® on the j-th
coordinate as ®; := {x — 1, jx +t; j}ica. Without loss of generality, we assume after possibly
permuting the coordinates that xy; < --- < x4q. The Lyapunov dimension for ® and p is given
by

(1.4) dim(®,p) = fo(H(p)),

where H(p) := ) ;cp —pilogp; is the entropy of p, and fg: [0,00) — [0,00) is a function defined

as
N ) '
d\T) =
>ho1 Xb b=1 Xb> .

Next, we introduce the mild separation conditions, originally arising from Hochman’s seminal
work [29]. Given two affine maps 91, 12: R — R with 9;(z) = s;x + b; for i = 1,2, define

” .
(1. 10m) = 00 if s1 # s9;

|by — ba| otherwise.

For an affine IFS U = {1;};cA on R and n € N, denote 1), = )y, 0+ - 01l for u = uy ---u, € A™.
Define

(1.6) Ap (V) = min{d(¢y, ¥v): u,v € A", u # v}
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and

(1‘7) Sn(\I]) = min{d(q/)ml/}v): u,v € An’ % 7é wv}a

with the convention min @) = 0.

Definition 1.1. Let ¥ be an affine IF'S on R. We call ¥ exponentially separated (resp. Dio-
phantine) if there exists ¢ > 0 so that A, (V) > ¢" (resp. S, (¥) > ¢") for infinitely many n € N.
We say U has no ezact overlaps if A, (¥) > 0 for all n € N, or equivalently, the semigroup
generated by W is free.

Remark 1.2. It follows from Definition 1.1 that W is exponentially separated if and only if ¥ is
both Diophantine and has no exact overlaps. Furthermore, ¥ is Diophantine if it is defined by
algebraic parameters (see [29]).

Very recently, Rapaport [52] made a breakthrough in the dimension theory of diagonal self-
affine sets and measures. Specifically, [52, Theorem 1.3] establishes that (1.1) holds if, for each
1 < j1 < j2 < d there is i € A so that |r; j,| # |rij,|, and ®; is exponentially separated for
1 < j < d. This builds on an analogous result regarding the dimension of x ([52, Theorem 1.7])
under the additional assumption that the linear parts of ® lie within a 1-dimensional subgroup.
That is, there exist c1,...,cq > 0 such that

(Irial,- -, |rial) € {(ch,...,ch): t € R} forall i € A.

This assumption is satisfied, in particular, when A; is the same for all i € A. Regarding this
assumption, Rapaport pointed out that his argument crucially depends on it, but he expects the
result remains true without it (see [52, Remark 1.8]). Our main result confirms his conjecture
by removing the additional assumption.

Theorem 1.3. If x1 < --- < xq and ®; is exponentially separated for 1 < j < d, then

dim g = min {d, dim(®,p)}.

Before discussing the proof of Theorem 1.3 in Section 1.3, we provide some remarks on the
assumptions and discuss several applications.

Remark 1.4. Due to the phenomenon of saturation (see [30, Example 1.2]), it is not hard
to find examples showing that the assumption x; < -+ < xg cannot be dropped. For the
reader’s convenience, we give one such example. Let A € QN(1/v/2,1) and n > 2 such that
A" < 1/3. Define ¥ = {¢o(z) = Az, ¢1(x) = Az +1}. Consider the IFS © = {pu},c1913n On R?
given by ¢o..o(z,y) = (A" + ¢¥1..1(0), A"y), p1.1(2,y) = (\"2, A"y + ¢1..1(0)) and pu(z,y) =
(N + 1, (0), A"y +1,,(0)) for uw ¢ {0---0,1---1}. Let p the self-affine measure associated with
® and the uniform probability vector p on {0,1}". Since the orthogonal projection of ® onto
the line {(t, —t): t € R} generates a Cantor set, it follows from A" < 1/3 and \ > 1/+/2 that

log 2

dim p < 1—1—10&
—nlog A

On the other hand, by Remark 1.2 and A € Q, the IFS ®; = &3 = V" = {¢,}yecfo,1}n I8
exponentially separated.

<2—min{2 } = min {2, dimz(®,p)}.

" —log A



Remark 1.5. Various carpet-like examples (see e.g. [3, 10, 23, 25, 40, 44]) indicate that it is
necessary to assume that ®; has no exact overlaps for 1 < j < d. One may expect that the
result remains true under this necessary assumption. Recently, Rapaport and Ren [55] verified
this conjecture for homogeneous diagonal IFSs with rational translations.! However, even when
d = 1, this conjecture is considered one of the major open problems in fractal geometry and
well beyond our reach (see [31, 61]).

1.2. Applications. By Remark 1.2, the following is a direct application of Theorem 1.3.

Corollary 1.6. Suppose x1 < --- < xq. If for 1 < j < d, ®; is defined by algebraic parameters
and has no exact overlaps, then dim p = min {d, dim(®,p)}.

Below we determine the dimension of a concrete new example by Corollary 1.6.

Example 1.7. Let a,b € (1/2,1) be distinct algebraic numbers such that P(a,b) # 0 for
each two-variable polynomial P with coefficients in {0, £1} and P(0,0) = 1. Here the condition
involving P is assumed to prevent exact overlaps. For example, choose a = q1/g2,b = q2/q3 € Q,
where g1, g2, g3 are distinct prime numbers. Let p be the self-affine measure associated with
the IFS ® = {(x,y) ~ (az,by), (z,y) + (bz + 1,ay + 1)} on R? and the probability vector
p=(p1,1 —p1) with p; € (0,1/2). Then dim yx = min{2, dim(®,p)}.

Next, we give a result about the typical validity of (1.2) in the spirit as [29, Theorem 1.8].
By dimp we denote the packing dimension (see [43]). Recall that dimy E < dimp F for E C R%.
For m > 2, let A™~! denote the set of probability vectors in R™.

Corollary 1.8. Let m > 2 and let t = (t; j)1<i<m,i<j<d € R¥™ such that tivj 7 tip,j for 1 <
i1 <iz <mandl<j<d. Forr=(r;;)1<i<cmi<j<d € (=1L, 1)\{0D¥™ andp € A™ 7, let piy
denote the self-affine measure associated with the IFS ®, = {(x;)1<j<a = (TijT; + tij)i<j<d ey
and the probability vector p. Then, there exists & C ((—1,1) \ {0})%™ with dimp & < dm — 1
such that for v ¢ &, there exists Fr C A™ 1 with dimp Fr < m — 2 so that for p ¢ Fr,
dim gy, = min {d, dimp,(®,, p)}.

Proof. For r = (75 j)1<i<m<j<d and 1 < j < d, let rj = (r;;)i2,. Consider the IFS ®(r;) =
{z = rijx+ti;};2, on R, with its coding map denoted by Ilg(,;) (see (1.16)). For distinct
sequences r = (z),y = (yx) € {1,...,m}, there exists n € N such that z,, # y, and x, = y
for k < n. This gives:

Azy(rj) =g (z) — Mg, (y)

o0
=Tayj Tan_1,j ((txn,j —ty,.j) + E (Tong Tapglorind = Tyn - "Tyk,jtywhj)) :
k=n

Since ty j,...,tm ; are distinct, we have t,,, j—t,. ;i # 0. Consequently, A, ,(r;) # 0 if the norm
of r; is sufficiently small, ensuring that the infinite summation in the above expression is small,
depending on (¢; ;)7 . Thus, A, ,(r;) is a nonzero real-analytic function of r; on each connected
component of ((—1,1)\ {0})™. By applying [30, Theorem 1.10], for each 1 < j < d, there exists

IThe author believes that incorporating the results from [21] into [55] can relax the assumption of rational

translations to algebraic translations.



& C ((—1,1) \ {0})™ with dimp &; < m — 1 such that ®(r;) is exponentially separated for
rj ¢ &. Define

d
&= {r e (-1, )\ {0} x; € 5j},
7=1
and
e= {(”J)lézémls]éd € (=L D)N\AON™: Jrijy | = [rigy| for 1 <i < m}.

1<j1<j2<d
Set & = & UE. Thus, forr ¢ & and 1 < j < d, ®(r;) is exponentially separated. Since
dimp & < dm — 1 and dimp € < dm — m, we have dimp & < dm — 1.
For r = (ri)1<i<m,1<j<d € ((=1,1)\ {04\ & and 1 < j; < jo < d, define a vector
Vo := (log|rij,| —log|rij,|)itq. Then vy, 5, #0byr & E. If vj, 4, is parallel to (1,...,1), then

A™ LAt =), where v

12 71,5, denotes the orthogonal complement of vj, j,. Define

Fp = U {vjlwéz 1 < ji1 < jo <d and vj, j, is not parallel to (1,..., 1)} .

Set Fr := A™ N F.. Then dimp Fr < m — 2 because, for v;, j, not parallel to (1,...,1),

Am1 ﬂvﬁ’jz lies in a translate of the (m — 2)-dimensional subspace {vj, j,, (1,...,1)}*. For
p ¢ Fr, the Lyapunov exponents of p,, are distinct since x;, = xj, if and only if p € vjlm.
The proof is finished by Theorem 1.3. (]

We determine the measures of full dimension on certain overlapping diagonal self-affine sets
(see [28] for a survey on this topic). A measure v on Kg is called an ergodic measure of full
dimension if dimv = dimpy K¢ and v = IIv, where II is the coding map in (1.16), and v is an
ergodic shift-invariant measure on AN. We briefly summarize some known results concerning
measures of full dimension on self-affine sets. In [36], Kdenmaéki established the existence of
ergodic measures of full dimension on typical self-affine sets; such measures are now referred to
as Kdenmdaki measures. Subsequent work has shown that Kdenméki measures are not neces-
sarily unique [38, 45], that there are only finitely many of them [11], and that they are never
Bernoulli for irreducible nonconformal IFSs on R? with affinity dimension less than d [46]. In
specific diagonal settings, measures of full dimension always exist uniquely and are Bernoulli
for Bedford-McMullen sponges [39], may fail to be unique for Gatzouras—Lalley carpets [8], and
may fail to exist entirely on certain Barariski sponges [13].

Let Sy denote the symmetric group over {1,...,d}. For 0 € Sy, i € ¥ and s > 0, define

Pi o) Tio(sh] - Tio(san P if s < d;
rig - ria®/e if s > d.

(1.8) ¢5 (1) =

By [26, Theorem 2.1], the affinity dimension dim4 ® is the unique s > 0 such that
(1.9) max »  ¢5(i) = 1.
eA

TES, 4
(3

Corollary 1.9. Let ® be as in (1.3) with d = 2. Suppose |ri1| # |ri2| for some i € A,
and ®1, Py are exponentially separated. Define 3 := {a €521 D ica gbgim*‘q’(i) = 1}, which is
nonempty by (1.9). If 0 < dimg ® < 2, then the ergodic measures of full dimension on K¢ are
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precisely the self-affine measures associated with ® and the probability vectors (¢3™A % (i));en
for o € ¥. In particular, ¥ = Sy when (|r;1|)ien is a permutation of (|riz2|)iea-

Proof. We first show that the ergodic equilibrium states for the singular value function of
diagonal matrices are Bernoulli. Let v be an ergodic shift-invariant measure on AN. The
Lyapunov dimension dimy, v is defined as the unique s > 0 (see e.g. [16, (3.3)]) satisfying

1
(1.10) h(v) + lim /loggbs(Amn)dy(x) =0,

n—oo N

where h(v) denotes the measure-theoretic entropy (see [62]), Ay, = Ay, - -+ Az, for z = (z,) €
AN, For A € GLg(R), ¢°(A) is the singular value function [16] defined as

al(A) Qg (A)am (A)S_LsJ ifo<s< d;

¢*(A) =
|det A|*/¢ if s > d,

where a1(A) > -+ > a4(A) denote the singular values of A. The definition (1.10) coincides
with (1.4) when {A;};cn are diagonal and v is Bernoulli by (1.12). For k € ZN[0,d], it is well
known [16] that ¢*(A) = ||A"*||, where A denotes the exterior product, A"* is the linear map
induced by A on A*R? as AN (vyA---Avg) := (Avi)A---A(Awyg) for vy, ..., v, € R and ||| is the
standard Euclidean operator norm on A*R?. Since A*R? = span {e(,(l) N Negry: 0 € Sd} is
a finite-dimensional vector space, where ey, ..., eq denote the standard basis of R%, we have for
k€ Zn[0,d],n € Nand z = (x,) € AY,

log|| ANk maxlog HAwln 0(1) ARERWA eg(k)) H +0(1)

(1.11)
—maleog¢ xe) +O(1),

O'ESd

where the last equality follows from ||(Aj i) (ep1) A=+ A egy) || = @5 (i1)dk (i2) for i1, iz € A
by {A;}iea being diagonal. Then for v-a.e. x = (27) € AV,
hm log ¢ ( y\n) dl/(y)

n—oon,

1
hm — logHA (by Kingman’s subadditive ergodic theorem)

= max lim fZIOggzﬁ xy) (by (1.11))

ceESgn—oon

= max E i]) log ¢F (1) (by Birkhoff’s ergodic theorem)
o€S,
4ieA

where [i] := {(z,) € AN: 2y = i}. From this and ¢°(4) = (61=)(4)) 77 (pls)+1(4))" ™ for
s > 0, it follows that

1
(1.12) lim /1og¢>8( ofn) dv(z —maxz i]) log 5. (i

n—oo N, oES, d

Let B, denote the Bernoulli measure on AN with marginal (v([i]))ica. It is well known (see
e.g. [62]) that h(v) < h(f,), with equality if and only if v = ,. From this, (1.10) and (1.12),
it follows that dimyp v < dimp 8., with equality if and only if v = §,. Combining this with
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dimIly < dimzv (see [35, Eq. (43)]), dimz v < dimy ® by Gibbs’ inequality (see e.g. [62,

Lemma 9.9]), dimy ® < 2, and [52, Theorem 1.3] shows
(1.13) dim Iy < dimy v < dimy, 5, < dim4 ® = dimyg K¢,

where the second inequality is strict unless v = 3, that is, v is Bernoulli.

Write sg := dim4 ®. By Gibbs’ inequality and (1.9), the probability vectors p, := (¢5°(4))ien

oz

for o € ¥ are precisely the probability vectors ¢ = (¢;);ca satisfying
ZEZA —ilog gi + max ZEZA 4;log ¢ (i) = maxlog ZEZA ¢ (i) = 0.
By (1.10) and (1.12), this implies that dimp(®,p,) = dimg ® for o € X.

Let o € 3, and let u, be the self-affine measure associated with ® and p,. By (1.13) and
dimp (P, p,) = dimy ®, it suffices to prove that dim p, = dimp(®,ps). From Theorem 1.3, it
remains to verify that x,(1)(Ps) # Xo(2)(Po). If there exists a > 0 such that |r; ;1)|/|70(2)| =
for all i € A, then a # 1 since |r; ,(1)| # |1i4(2)| for some i € A, implying x,(1)(Ps) # Xo(2)(Po)-
Now suppose there exist some i; # i3 € A such that ]riha(l)\/]rihg@)] #+ ‘7"7;270-(1)‘/’7"7;270-(2)‘.
Define ¢ := s¢ if 59 € (0,1] and t := 2 — s¢ if sp € (1,2). Then

’Ti,a(z) ‘t
¢

t (Xo(2)(Por) = Xo(1)(Ps)) = D _ pol(i) log

= 7i0(1)]

t
T
< log Zpo(i) | z,a(2)’t
iEA ‘Ti,a(l)’

<log ) (i) =0,
LIS
where the strict inequality is by the concavity of log(-) and |7“,~17U(1) |/\ri1,0(2)| + \7“1‘2,0(1) /175 02) |5
while the last inequality follows from py (i) = ¢3°(i) and maxercg, Y iep o0 (i) = D sep PP (1) =
1. Since t > 0, we conclude that X (1)(Ps) # Xo(2)(Ps), completing the proof. O

Recently, Pyorélé [51] determined the dimension of orthogonal projections of planar diagonal
self-affine measures under an irrationality condition (see [12, 19, 24, 33, 50] for earlier results).
Building on this, we combine [51, Theorem 1.1] with Corollary 1.9 to obtain the dimension of
orthogonal projections for a class of overlapping self-affine sets.

Corollary 1.10. Let ® be as in (1.3) with d = 2. Suppose |r; 1| # |ri2| for some i € A,
and ®1,®y are exponentially separated. Suppose further that there exist (i1,i2) € A? and
(j1,42) € {1,2}? such that log|ri, j,|/1og|riy j»| ¢ Q. Then dimy 7(Kg) = min{1l,dim4 ®} for
each orthogonal projection m onto a line not parallel to the coordinate axes. For the orthogonal
projection mwj onto the j-th coordinate axis with j = 1,2, dimy 7j(Ke) = min{l, dim4 ®;}.

1.3. About the proof. Theorem 1.3 is deduced from Theorem 1.12 which concerns the dimen-
sion of certain disintegration of the measure pu. This disintegration is defined as follows. For
any partition £ of a set X, let £(x) denote the unique element of £ containing = € X. Given
u=uj---uy, €A", define ¢, =y, 0---0¢py,. Fix N € N. Define the partition I" of AN by

(1.14) I(z) =T(y) if and only if A, = Ay foraz,y € AN,
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where Ay, denotes the linear part of an affine map 1, and z|N represents the first N digits
of x € AN. Endow AN with the product topology, and let ¢ be the shift map defined by
o((25)32) = (wk41)5%,. Set T'= o and A = Ve T"I. Let {B:'},can be the disintegration
of the Bernoulli measure 3 := p" on AN with respect to A; see Section 2.4 for further details.
Define the quotient space Q = AN/A = {1,...,|T'|}N, and endow it with the pushforward
measure P of § under the natural projection z — A(z). For w € 2, define g% = 524 whenever
w = A(z) for some x € AN. Then

(1.15) 5= [ Btds) = [ 5aP().
AN Q
Let II: AN — R? be the coding map associated with ®, defined by,
(1.16) II(z) = li_)m Oz 00y, (0) for z = (2,)22, € AV,

It is well known that p = II5. For w € €, define ¥ = I15¥. Applying II to (1.15) yields the
desired disintegration:

(1.17) ,u:/Q,u”dP(w).

Recently, similar disintegration techniques have been widely applied to study various prop-
erties of self-conformal measures; see e.g. [1, 2, 27, 37, 57, 60]. Notably, Saglietti, Shmerkin
and Solomyak [57] established the typical absolute continuity of self-similar measures on the
line. From this, Corollary 1.8 and [59], it seems possible to show the typical absolute continuity
of diagonal self-affine measures, but we do not pursue this here. The idea of disintegrating
stationary measures into well-behaved random measures was introduced by Galicer, Saglietti,
Shmerkin and Yavicoli [27].

While many previous works are motivated by the infinite convolution structure of random
measures, our primary goal is different: for each random measure u“ and n € N, we construct
a certain cut-set U} consisting of the finite words over A. These cut-sets U’ are chosen so that
the cylinder sets {II([u])}ucyw have diameters that are comparable to each other, respectively
along each coordinate. Such cut-sets arise naturally for u in conformal settings (see [29, 54]),
or when the linear parts of ® lie within a 1-dimensional subgroup (see [52]). However, in
general non-homogeneous and nonconformal settings, constructing such cut-sets for y is nearly
impossible. Consequently, disintegrating p into random measures p* as in (1.17) plays a central
role in our setting. Later in this subsection, we further illustrate how the disintegration method
underpins our approach.

As a starting point, we establish the exact dimensionality of u* for P-a.e. w; see Theorem 3.2
for a detailed statement. Theorem 3.2 is a version of [22, Theorem 2.11] (see also [20, Theorem
1.4]) in the context of disintegrations.

Theorem 1.11. There exists dim A > 0 such that for P-a.e. w, u* is exact dimensional with

dimension given by dim A. Furthermore, dim A satisfies a Ledrappier- Young type formula (3.4).

It is well known [63] that for an exact dimensional measure #, commonly used notions of

dimension coincide. In particular, dim6 = lim, . %H (0,D,), where D,, denotes the dyadic
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partition of R?. For the basics of entropy, please refer to Section 2.3. By (1.17) and concavity
of entropy, we obtain
1 1
(1.18) dim g = lim H(/ Ho dP(w),Dn) > lim [ —H((p*,D,) dP(w) = dim A.
n—oo N n—o0 n
We are now ready to state the main theorem regarding the dimension of u*. For 1 < j <d,
let m; denote the orthogonal projection from R? to the j-th coordinate axis. For n € N, let C,
be the partition of AN such that C,(z) = C,(y) if and only if Pajn = Py for o,y € AN, The
conditional entropy H(-,- | -) is defined in (2.4).

Theorem 1.12. Suppose x1 < --- < xa, and ®; is Diophantine for 1 < j < d. Suppose further
that for x,y € AN,n € N and 1 < j <d, TjPaln = TjPyln 1Mplies Qg = Pyjn- Then

dim A = min{d, fq> (th(CI), .A))},
where fo () is as defined in (1.5), and

. 1 ~ ) 1 R
(1.19) hiaw (@, 4) = lim —H(8,Cox | A) = inf —H(8,Cuv | A).
The limit exists by subadditivity (see (3.6)).

Reduction of Theorem 1.3 to Theorem 1.12. Since ®; is exponentially separated for 1 < j < d,
the assumptions of the theorem are satisfied, and C,y = \/?:1\[/)—10—1'7;,7 where P denotes the
partition of AN based on the first digit. Note that A = (v?;()lT_if) VT~ "A, and f3 is Bernoulli.
Then

H(,B, Vil =ip | .Z) = H(ﬁ, Vil —ip | V?;OIT_iF) (by Lemma 2.1(vii))
= H(ﬁa \/:-Li\g_lff_ip) — H(B, V?:_OIT_iF) (by Lemma 2.1(v))
= (nN)H(p) — H(B,VIZJT'T).

Since {Ay, }ien are commutative, by (1.14) we have H (8, V- T~T') < nlog|T| < 2n|A|log N.
From this, (1.19) and the above equation it follows that
log N
N
From this, (1.18), Theorem 1.12, and (1.4), letting N — oo yields that

\hrw (@, A) — H(p)| < 2[A]

dim p > dim A = min {d, fo(hrw (®,.A))} — min {d, dim(P,p)} .

This completes the proof since dim p < min {d, dimz,(®,p)} always holds (see [35]). O

We prove Theorem 1.12 by following the approach of Rapaport [52]. The proof relies on
two key ingredients: a Ledrappier-Young type formula and an entropy increase result. For
the first ingredient, we establish a Ledrappier-Young type formula for certain disintegrations of
self-affine measures in Theorem 3.2, a result which may be of independent interest. Based on
an argument inspired by ideas from [5], this formula reduces the general case to the one where
the entropy increase result can be applied.

The proof of the entropy increase result involves analyzing the multiscale entropy of repeated

self-convolutions of a measure with nonnegligible entropy, as well as the component measures
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of p, along certain nonconformal partitions. In [52], the assumption that the linear parts of ®
stay in a 1-dimensional subgroup is used to find minimal cut-sets U,,, n € N of A* such that

(1.20) A, = A, foru,ve U,

where &~ means being entrywise comparable. These cut-sets are essential for estimating the
asymptotic entropies of components of p within the desired error (see [52, Section 4]). For each
¥, there are natural partitions £, n € N (see (4.6)) such that side lengths of each element
in £ are respectively comparable to that of A, ([0,1]?) for each u € A" with 8% ([u]) > 0.
Motivated by this and (1.20), we consider the random measures p“ and establish the entropy
increase result accordingly. However, difficulties arise because u® is only dynamically self-affine
(see (4.5)), and the partitions £¥ depend on w. To address this, we utilize the dynamics on
(©2, P) to prove appropriate modifications of the required lemmas. Based these lemmas, it is not
difficult to adapt the arguments in [52] to derive Theorem 7.1, a version of the entropy increase
result for random measures.

1.4. Structure of the article. In Section 2, we introduce the basics of the conditional en-
tropies and disintegrations. Section 3 is devoted to proving the Ledrappier-Young type formula
for random measures, thereby showing Theorem 1.11. In Section 4, we define the disintegra-
tions with respect to the linear parts of the IFS. Sections 5 and 6 are prepared for the entropy
increase result which itself is proved in Section 7. Finally, Theorem 1.12 is proved in Section 8.

1.5. Acknowledgement. I would like to thank Ariel Rapaport for suggesting the problem,
pointing out the useful references [52, 57|, and providing helpful comments on an early version

of this paper. I thank the anonymous referee for their thorough reading and helpful comments.

2. PRELIMINARIES

In this section, we introduce the necessary notations and setup, present the basics of condi-
tional information theory, and discuss key properties of specific disintegrations.

2.1. Notations. Throughout this paper, the base of log(-) and exp(-) is 2. For n € N, we define
[n] = {1,...,n}, with convention [0] = (). The normalized counting measure on [n] is denoted
by #n, that is, #,({k}) = 1/n for k € [n]. For a finite set £, we use #& or || to represent its
cardinality. By E C F' we mean that E is a proper subset of F'.

For a metric space X, let B(X) denote the Borel o-algebra on X, and M(X) the set of all
Borel probability measures on X. By M.(X) we denote the members of M(X) with compact
support. For § € M(X) and E C X, the restriction of § to E is written as 0|p, and the
normalized restriction is g = 0|g/0(E) if (E) > 0.

Following [52, Section 2.1], we use the convenient notation <. Given R;, Ry > 1, we write
R; < Ry to indicate that Ry is large with respect to (w.r.t.) Ry. Similarly, given £1,e9 € (0, 1),
we write R < 51_1, 82_1 < Ry and 51_1 < 82_1 to respectively indicate €1 is small w.r.t. Ry, Ro
is large w.r.t. €9, and €9 is small w.r.t. £;. The relation < is clearly transitive. For example,
the statement “Let m > 1, ¢ > L(m) > 1, k > K(m,¢) > 1 and ¢ < go(m, ¢, k) be given.” is
equivalent to “Let £ € (0,1) and m, £,k > 1 be with m < { < k < e~ 1"
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2.2. The setup. We fix a diagonal affine IFS ® = {p;(x) = A;x + t;}iep on R, where A; =
diag(r;1,...,7iq) with r; j € (—=1,1)\ {0}, and ¢; = (ti,j);-lzl € RZ. The associated self-affine set
is Kg. We fix a probability vector p = (p;)ica, and p is the corresponding self-affine measure.
Let II: AN — Kg denote the coding map defined as in (1.16). It is well known that pu = TIg,
where 3 := p" is the Bernoulli measure on AN. For 1 < j < d, the j-th Lyapunov exponent
is x;j := Y jcp —Piloglrij|. As explained in Remark 1.4, we always assume x1 < --- < Xq.
Without loss of generality, we also assume diam(Kg) < 1, where diam(-) denotes the diameter
in Euclidean metric.

For i € A and j € [d], define ¢; j: R — R by ¢; j(z) = rijz +t; ;. For 0 # J C [d], the IFS
induced by ® on R” is defined as

(2.1) @y = {pi.r}ien, where @i s ((2))jes) = (#ij(2;))jes for i€ A
It follows that ® = @4 and p; = ¢; g for i € A.

The collection of all finite words over A is denoted by A*, including the empty word &. Write
[I| :==nif I € A" and || := 0. For z = ()2, € AN and n € N, let x|n = x1--- 2, and
z|0 = @. For I € A*, the cylinder set is [I] := {x € AN: z||I| = I} . For I =4y ---i, € A" and
1 < j <d, define

(2'2) PI = Piy O Py, A]:Ail"'Aim A':ril,j"'rimj?

and

/\JI = }AJI‘ and XJI‘ = —log)\]I-.
Let {e1,...,eq} be the standard basis of R%. For J C [d], let 7; denote the orthogonal projection
onto span{e; }jes, that is,

my(x) = Z(ej,x>ej for = € R%,
jeJ

where (-,-) is the standard inner product on R?. In particular, mp is the zero map and 7y is

the identity map on R%.

2.3. Conditional expectation, information and entropy. Let (X, B,0) be a probability
space. For a sub-g-algebra F of B, the conditional expectation of an integrable function f given
F is denoted by E(6, f | F). For a countable (B-measurable) partition £ of X, the conditional
information of £ given F is defined as

(2.3) 10,6 F)=> —14logE(0,14| F),
A€
where 1g denotes the indicator function of a set S. The conditional entropy of £ given F is
(24)  H(O.6|F) = /1(9,g | F) o = /Z _E(0,14 | F)logE(0, 14 | F) do.
Aeg

If F = N, the trivial o-algebra consisting of sets of #-measure 0 or 1, the above quantities

reduce to their unconditional counterparts:
L(0,) =1(0,§ | N) and H(0,§) =H(0,{|N).
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For S C B, let S denote the o-algebra generated by S. Given a countable partition 7, we write
(2.5) L0, [n)=1(0,&|n) and H(0,&|n)=H(O,&|7n).

In this case, the conditional entropy satisfies
H(0,¢|n) =) 60(A)- H(04,8),
Aen
where 04 := 0(A)710|4 for A € n with §(A) > 0
The following lemma summarizes key identities and properties of conditional information;
see [49, 62] for details. For countable partitions ni,...,nn, let n1 V --- Vg, = VI n =

{N_, A;: Aj € mi, 1 < i <n}. For g-algebras Fi, Fa,..., let F1 V FaV --- or V;F; denote the
o-algebra generated by U; F;. Below we take the convention 0/0 = 0.

Lemma 2.1. Let T be a measurable map from a separable probability space (X, B,0) to another
measurable space (Y,B'). Let A € B. Let £,m,( be countable partitions of X, and let £ be a
countable partition of Y, such that H(0,¢),H(0,n),H(0,¢),H(T0,E) < 0. Let F,F1,Fa,...
be sub-c-algebras of B, and let G be a sub-o-algebra of B'. Then the following hold.
(i) E(T0,g|G)oT =E(0,goT | T7'G) for g € L'(Y,B',T9).
(i) (TO,E | G)oT =1(0,T1E | T71G).
(i) H(TO,E | G) = H(H,T_lé' | T_lg).
(iv) 10,6V | F) =10, | F) + (0.0 | FVE).
(0) HO,€ V| F) = H(9,¢ | F)+ H(0.n| FVE).
(Ui) [fQ(AﬂFl ﬂFQ)/Q(Fl ﬂFg) = Q(AﬂFl)/H(Fl) for Fy € F,Fy € Fo, then
E(Q, 14 | ]'-1\/]'-2) :E(H, 14 ’f"l)
(Uii) If@(AﬂFl ﬂFQ)/Q(Fl ﬂFg) = G(AﬂFl)/g(Fl) for Ae & Fy € F,Fy € Fy, then
1(67£|f1\/f2):1(07€|f1) and H(075|]:1\/‘F2):H(9’€|f1)

(viii) If Fy C Fuy1 for n € N and F, 1+ F, then sup, 1(0,¢ | F,) € LY(0), and 1(6,¢ | Fp)
converges -a.e. and in L*(0) to 1(0,& | F). In particular, lim, o H(0,& | Fp) =
H(0,¢| 7).

Next, we present several useful inequalities for estimating conditional entropy. For partitions

¢ and 7, we say 1 refines &, denoted by £ < 7, if each member of 7 is a subset of some member
of €.

Lemma 2.2. Let (X, B) be a measurable space, and let 0,61, ...,0, be probability measures on
(X,B). Let &,n be countable partitions of X, and let Fi,Fa be sub-o-algebras of B. Then the

following hold.
(i) H(6,€) <log #{A € £: 0(A) > 0}.
(i) If § < m and F1 C Fa, then H(0,§ | F2) < H(0,€ | F1) < H(0,n | F1).
(iii) If ¢ = (¢;)1 is a probability vector and 0 =7 | ¢;0;, then

Zqz (6:,€ | ) < H(0,€ | n) <Zqz (0:,€ | ) + H(q).

=1
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(iv) Given C > 1, we say that & and n are C-commensurable if for each A € § and B € n,
#{A €& ANB#A0}<C and #{B €& B nA#0}<C.
If & and n are C-commensurable, then |H(6,&) — H(0,n)| <logC.

2.4. Conditional measures and some disintegrations. We begin with the foundational
result from Rohlin’s theory of conditional measures; for further details, refer to [14, 56].

Theorem 2.3 (Rohlin [56]). Let X,Y be Euclidean spaces or product spaces of countably many
finite sets. Let n be a partition induced by a Borel measurable map m: X — Y, that is, n =
{m=Yy): y € Y}. Let 6 be a Borel probability measure on X. Then for 0-a.e. x there exists
a probability measure 03 supported on n(x). These measures are uniquely determined up zero
0-measure by the properties: if A C X is Borel measurable, then x — 031(A) is -measurable,
and 0(A) = [01(A)db(z). This means 6 = [0} db(x) in the sense that [ [ f(y)doi(y)dé(z)
for f € LY(X,B(X),0).

The family of measures {0 }.cx is called the system of conditional measures of 8 associated
with 1 or the disintegration of 0 with respect to w.

Next, we introduce certain disintegrations and present some of their properties. Fix N € N.
Let I be a partition of AN such that for z,y € AN, | N = y|N implies I'(x) = I'(y). Set T = o
and A = V¥, T~T. Define the quotient space Q := AN/A = I'N. Let P be the Bernoulli
measure on 0 = I'N with marginal (8(w1))w,er. Specifically, for wy - --w, € T, n > 1,

(2.6) P(lwi---wal) = [] Blwr) = B {x e AN: A(z) € [w; - -wn]} :
k=1

This shows that P = 80 A™!, that is, P is the pushforward of § under A. Here, we slightly
abuse the notation by using .A(z) to denote both a set in AN and a sequence in Q = I'V.

For w; € T, define a measure p** on AN by p*t := 3, if B(w1) > 0, and let p“* be the
zero measure if f(w1) = 0. For w = (wy)52, € €, define a product measure S on AN via the
identification AN = (AM)N as

n

(2.7) g(1) = [] () for I=I1---I, € (AN)",n > 1.
k=1

Then ¥ is supported on A(z) whenever w = A(x) for some z € AN. On the other hand,
let {B;‘}xe An be the disintegration of 8 with respect to A. It follows from Theorem 2.3, A=
(\/?Z_OIT’if) V A and Lemma 2.1(vi) that for S-a.e. z and I = Iy --- I, € (AN)", n > 1,

B = B(8. 1 | A) (@) = B(8, 1y | Vi TT) (@)

pUINA)

Aevi_tT-ir

= > LA [ (1)

(wg)p_ €T k=1

= pA@((1)),
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where the last equality is by (2.7). Hence ﬁ;j‘ = BA®) for S-a.e. z. Combining this, Theorem 2.3
and P = B0 A™!, we obtain

(2.8) 5= [ Arase) = [ 54 asa) = [ B ape)

Recall the coding map II from (1.16). For w € Q, define u* := II5“. Applying II to (2.8)
yields a disintegration of y as

(2.9) ,u:/Q,u“’dP(w).

For w € €2, the random measure p* satisfies the dynamical self-affinity. By abuse of notation,
let T' be the shift map on Q, defined by T'((wp)22 ;) = (wn+1)5>;. Using (2.7), we have, for
P-ae. w e,

(2.10) T = §T,
and so for u € AV,
(2.11) T(B|w) = B([u) 87
From (1.16) it follows that for u € A*,
(2.12) puolloc™ =11  on [u].
Thus, p* satisfies the dynamical self-affinity:

pe =TI8% = Yy TRy

u€AN
(2.13) ueAN
- Z (ull) (5w([u])5Tw) (by (2.11))
ueAN
= 3 () - ™. (by pT = TIFTY)
u€AN

3. EXACT DIMENSIONALITY FOR DISINTEGRATIONS

In this section, we establish the exact dimensionality of certain random measures and show
that their dimension satisfies a Ledrappier-Young type formula. To prove these results, we
adapt the approach from deterministic case of Feng [20].

For J C [d], define the partition &; of AN as
(3.1) E7(x) =&5(y) ifand only if wyI(z) = 7 00(y) for z,y € AN,
Note that &; = 171 B(R?) (mod 0).

Theorem 3.1. Let N € N. Let C be a partition of AN such that for z,y € AN, C(z) = C(y)
implies oy N = pyn- Let T' be a partition of AN such that for x,y € AN, z|N = y|N implies
D(x) = I(y). Set T = o and A = V2, T7T. Let1 < j; < -+ < js < d and write
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J = {j1,.--,js}. For 0 < b <'s, set J, = {j1,...,jp}.- Then for S-a.e.y, B;j‘—a.e. x and

0 <k <I<s, the measure lenﬂ?j}ka = WJZH(ﬁéjl)iJk is exact dimensional with
l H.A _ HA
(3.2) dimy TG = 37 Pt
b=k-+1 X
where for I C [d],
1 -
(3.3) HA = NH(B,C | Av&).

We give several remarks to illustrate the result of Theorem 3.1. This result reveals the local
product structure for the dimension of random stationary measures: each term in the right-hand
side of (3.2) can be interpreted as the transverse dimension along the jj-th direction. Specifically,
the numerator represents the entropy within the fibers, while the denominator reflects the
contraction rate along the j;-th direction. Any dimension formula expressed in terms of entropies
and Lyapunov exponents, such as (3.2), is known as a Ledrappier—Young type formula [41]. A
similar product structure for local dimensions was previously established for hyperbolic invariant

measures under C1¢ diffeomorphisms by Barreira, Pesin, and Schmeling [9].

Next, we clarify the assumptions and present some applications of Theorem 3.1. The partition
I' can be any sub-partition of {[I]};ca~, providing flexibility for analyzing various properties
of u via disintegration with respect to appropriate partitions. For instance, in Section 4, we
choose I' based on the linear parts of maps in the IFS. Regarding the partition C, we only
require that C(z) = C(y) implies g, n = @y n- This enables us to derive the following theorem,
which can be viewed both as a limiting form of Theorem 3.1 and as a more detailed version
of Theorem 1.11. Notably, the appearance of certain random walk entropy hrw (P, A) = hg’A
(see (1.19) and (3.5)) in the dimension formula (3.4) appears to be new. It provides a natural
upper bound for dim A in terms of random walk entropies (see the proof of Theorem 8.1).

Theorem 3.2. For n € N, let C, be the partition of AN defined by C,(z) = Cn(y) if and only
if Ouln = Py for z,y € AN. Let N € N. Let T be a partition of AN such that for z,y € AV,
z|N = y|N implies T'(z) = T'(y). Set A = V2,0 NI, Let 1 < j3 < --- < js < d and write
J={j1,...,Js}. For0<b<s, set J,={j1,...,58}. Then for f-a.e. y, the measure ﬂjﬂﬁ;j‘
1s exact dimensional with dimension given by

s pOA 1 CA

. Jp—1 Jp
(3.4) dim7m ;A4 = _
; Xiv
where for I C [d],
C,A . 1 ~ o~ .1 ~ o~

(3.5) b = lim —H(B,Cov | AV &) = inf —H(B,Cov [ AV ),

n—,oo N,
C.A C.A A
anthbil—th < xj, for 1 <b<s.

We write dim A := dim 7jg.A by convention.

Proof of Theorem 3.2 assuming Theorem 3.1. For n € N write I',, = \/?Z_Ola_ml“. Note that
A= \/fioa_i(”N)Fn for all n € N. Applying Theorem 3.1 with nN,C,n, T, in place of N,C,T,
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and taking £k = 0,1 = s, J = Jg, it follows that for S-a.e. y, the measure WJHﬁ;‘ is exact

dimensional with
s HC,A,n . HC,.A,n

. Jp— Ji
dim WJHB;‘ = Z = : 2
b=1 Xiv

for all n € N,

where for I C [d],
1 -
A" = —H(8,C vE).
I nN 67 nN ’ A §I
For 1 < b < s, applying Theorem 3.1 with k =b—1,] = b, we have

C,An _ 1CAn
HJb—l HJb

< Xijv
since 11 Ay R4 A
2, By.z is supported on Il(z) + 7;,R® for -a.e. y and S; -a.e. .

For m,n € N, it follows from C(;, 4 n)ny < Crnv VI ™" Cpn, A= (\/?;_OlT_if> \/T_mﬁ, Lemmas
2.1, 2.2 and 3.5(i) that,

H(Bac(m—l—n)N | Av EAJ)

< H(B,CmN\/T_m o | ﬁv&)

:H(B,CmN | ﬁv@) +H(6,T’m N | ﬁv{;v@n})
B H(B,Con | AV &) + H(8,T"Coy | (VIG'T™T) VT AV T8 v Cur )
< H(ﬁ,CmN | ﬁv@) +H(B,T_m o | T (ﬁvﬁ))

— H(B,Con | AVE) + H(B,Con | AVE).

This shows the subadditivity and justifies the limit in (3.5). The proof is finished by letting
n — oo in the above equations. O

The rest of this section is devoted to the proof of Theorem 3.1. For the remainder of this
section, we fix N,C,I", T, A as in Theorem 3.1. Without loss of generality, we assume J = [d],
since the general case can be reduced to this one by considering the IFS ®; as defined in (2.1).

3.1. The Peyriére measure. We begin by introducing a useful measure on € x AN, Recall
the definitions of Q, P, ¢, u® from Section 2.4. Define a Borel probability measure Q on € x AN
by

(3.7 | i@ = [ s @ipe),

for every bounded Borel measurable function f on € x AN. Under this definition, the phrase
“for Q-a.e. (w,z)” is equivalent to “for P-a.e. w and “-a.e. ”. The measure Q serves a role
analogous to the Peyrieére measure used in [18]. Next, define a transformation on Q x AN by

T(w,z):= (Tw, Tx),
for (w,z) € Q x AN,
Lemma 3.3. The system (2 x AN, Q,T) is measure-preserving and mizing.
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Proof. For A € B(Q2 x AN),

Q(T'4) = /Q . 14(Tw, Tz) dB (z)dP(w) (by (3.7))
_ / 14(Tw, z) A48T (2)dP (w) (by (2.10))

QJAN
_ /Q [ La(w.2)d5*(@)dP(w) (by TP = P)
_au), (by (37)

Thus Q is T-invariant.

For U x I eI™ x (ANY™ V x JeT™ x (AN)™ my,my > 1 and n > 2Nmq, we have

Q (([U] x [I])ﬂT "V D)

=Q(([UInT="[V]) x ([[InT~"[J]))
= [ g, FEOT ) AP (by (3.7)
=/ 5w([f])5Tn”([J])dP(W) (by (2.7) and (2.10))
[U]NT-"[V]
U ap) [ () aPG) (by (26))
=Q (Ul x 1) Q([V]x [J]). (by (3.7))
This implies that T' is mixing with respect to Q. O

Below is a direct consequence of Birkhoff’s ergodic theorem applied to (Q x AN, Q, T).
Lemma 3.4. For Q-a.e. (w,z) and 1 < j <d, lim,,,oc —(1/n)log /\f‘"N = Ny;.

3.2. Some measurable partitions. In this subsection we explore the properties of [}, A and
their associated conditional measures.

For 0 < j < d, we denote §; = §[;], II; = m[;1I, and for z € AN, r >0, define
BYi(z,r) = {y e AN T (z) — TL(y)| < r} = Hj_lB (ILz, 7).
For n € N, let Cg_l = v?:_olT_iC.
We begin with a lemma connecting &;, C and B (z, 7).
Lemma 3.5. For Q-a.e. (w,z) and 1 <1i < j <d, the following holds.
(i) &(x)NC(x) = T1(Tx)NC(x), and so &V C =TV C.
(i) &_1(zx) N BN (g; A;?‘"N) NC(z) =T (gj_l(Tx) N B (Ta;, A;-.”‘(”*”N)) ne(z).
(iii) Fore € (0,1) andn € N with e™! < n, &_1(z)NCy(x) € BY (z,exp(—n(Nx; — ¢€))).
Proof. By (1.16),
(3.8) Copuny I(T"2)) =T(z) for z € AN, neN.
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For z € AN, n €N, a,b € R? and J C [d], since Ay, is a diagonal matrix, we have
(3.9) WJ(SO:EVL(G) - pr|n(b)) = 90x|n(ﬂ-]a) - 90x|n(7er)'

Then for y € C(x), we have y,ny = ¢,|n, and so

y € &i(a) = myll(z) = m;Il(y) (by (3.1))
= e n IH(T'2)) = 750 8 (H(TyY)) (by (3.8))
= )N IH(T'2)) = 751028 TH(Ty)) (by @ain = PyN)
= @oiv (TT(T2)) = gy (7;)T1(TY)) (by (3.9))
= m;(Tx) = 7 1(Ty) (by ¢z n being invertible)
= yeT ¢(Tx). (by (3.1))

This proves (i).

For y € C(z), we have ¢y n = ¢y, and so

y € &a(2) N B (w,47")
= [mli(e) = m )| < X5, wog i) = w1 1)
= [njl(z) - miT(y)| < A, my (@) = 7y ygTI(y)  (by my) = 7 + )
= |mun (I(Tx)) — 70w (I(Ty))| < X", (by (3.8) and ¢, v = @y N)
my-y(Tz) = my;_yT(Ty) (by (1))
NN (T ) — mT1(Ty)| < XY, ) TH(T) = m;_ g IH(Ty) - (by (3.9))
|mAL(Tz) — mIL(Ty)| < AL N g TH(T) = -y TH(Ty)
| IU(Tz) — mIL(Ty)| < AT ON s I(Tw) = oy T(Ty)

y e T1BW (Tm, ATl =N ) NT~'¢; 1 (Tx).

IIIHHI

This gives (ii).

Finally, we prove (iii). For Q-a.e. (w,z) and ¢ < ¢ < j, it follows from Lemma 3.4 and x,; > x;
that

(3.10) AP < exp (—n(Nye — £/4)) < exp (—n(Nyi —/2)).

Let y € C§ " N&i—1(x). Then ¢y,n = @ynn and m;_yll(z) = m;_1)II(y). Hence
| () — 7 1 (y)|

= ZWH — 7 11(y)

j

- Z 0 (@afnN (T 2) — Qo N TH(T™Y))
(=i

(by 7T[z‘—1]H(33) = W[i—l]ﬂ(y))

(by (38) and PylnN = Sow|nN)

J
< S (by diam(Kg) < 1)
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< exp (—n(Nxi —¢)). (by (3.10))
This shows that y € B (z,exp(—n(Ny; — ¢))).

Next, we establish the relation between the conditional measures ,8?;’5]' = (5“)%’ and (7,

Lemma 3.6. For Q-a.e. (w,z), 1 <j <d and A C B(AY),
B (T 1ANC(x))
8% (C(a)

Bry " (4) =

Proof. First we show that
@I GVC (-1 gy — B (5% Lpoia | 776V 5) () (by Theorem 2.3)

—E (ﬁ% 114 | T—lgj) () (by (2.7) and Lemma 2.1(vi))

(3.11)
= E(BT“’, 14| EJ) (Tx) (by Lemma 2.1(i) and (2.10))
= ;‘C;’Ej (A), (by Theorem 2.3)

O

Tw,;

where in the second equality we have used that 3% ([[|NT~'B) = g% ([I])8“(T~'B) for I € AN

and B € B(AY) since 8 are product measures by (2.7).
By Theorem 2.3, for S-a.e. x we define

. Be(T ANC(x))
Vg T IA = - = 15(z)-h x),
e I R

where hp = , 1 3 “w 1p ¢.). Since B is ¢ measura e, the function
here h E(B8Y 11408 1&) /E(BY 1B]&). S h &; ble, the fi

v v (T71A) is §A] V C-measurable. Moreover,

/ux(T_lA) g =>" /1BhB dp

BeC
_ Z/E(Bw,lBhB | gj) s
BeC
(3.12) = Z /E(B‘“, 1z | EJ) hpdp” (by hp being gj—measurable)
BeC

= Z /E(Bw, 1r-14nB | 53) dp¥ (by the definition of hp)
BeC

=) BY(T7'ANB) =B (T A).

BeC

Hence, the uniqueness of conditional expectation implies that

v (T74) = B(5%, 17214 | § v C)

= E<5w> Loy | TV CA) (by Lemma 3.5(1))
= g’T_lgjvc(TflA)- (by Theorem 2.3)

This, together with (3.11), finishes the proof.
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Then we compute some useful integrals related to the conditional information and entropy.

Lemma 3.7. Let £ be a finite partition of AN, and let F be a sub-c-algebra of B(AY). Then

(3.13) /QXANI(Bw,e | F) (2)dQ(w.x) = H (8. | AV F).
and
(3.14) /QH(BW,é’\}') AP(w) = H(p.£ | AV F).

Proof. Since (AN, B(AY), B) is a separable probability space, there exists a sequence of countable
partitions (F,)%, of AN so that F. 1 F. Note that for any sub-c-algebra G of B(AY),

/ 1(5“.€ | ) (x) dQ(w, 2)
Qx AN

(3.15) - /Q H(8*,€ | G) dP(w) (by (3.7))
a1 = [ H(ENE19) as) (by (2.8)
= [ ] 1(6.£19) @)asa)as) (by (2.4))

/AN /A (87,€ | G) (x) dB; (x)dB(y) (by Bzt = B if z € A(y))

(3.17) - /A I(BAE16) (1) dB(). (by (2.8))
Since (3.14) follows from (3.13) and (3.15), it suffices to prove (3.13).
For each F € £, n € N, p-a.e. z, by Theorem 2.3 we have

B 11 5) @ = Sy © 2

where hp(x) = E(ﬁ, 1EﬁF ‘ .Z) /E(ﬁ, 1F ‘ ./Z) Then = — E(ﬁ;‘, ]-E ‘ ﬁ) (x) is «Z(\/ ./F-;
measurable. This, together with the computation in (3.12), shows that

(3.18) E(B;:‘, 15 | jf;) (z) = E(B, 15| AV ]T;) ().
Hence

/ 1(5*,€ | ) (z) dQ(w, 2)
Qx AN

_ /A CH(BAE|F) dB(y) (by (3.16))
_ /AN nlggoH(,B £ | J?n) dB(y) (by Lemma 2.1(viii) and #& < 00)
= Jim [ H(B;j‘, £ ]f;) dB(y) (by #& < o)
= Jm | 1(5;‘,5 | ﬁ) (z) dB(z) (by (3.17))

= lim H(ﬂ,é’ | AV Jf;) (by (3.18))
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= H(B,é’ \ AV .7-") , (by Lemma 2.1(viii) and #& < 00)
which finishes the proof. O
We finish this subsection with the a version of Shannon-McMillan-Breiman theorem.

Lemma 3.8. For Q-a.e. (w,z) and 0 < j < d, lim, oo —(1/n) logﬁ;)’gj(cg_l(x)) = NH{;},
where H[ is defined in (3.3).

Proof. For n € N, we have

1(8*, Vi T7'C | §5) (x)

- I(ﬁ“’,C | g}) ( VIEITiC | € v 5) (x) (by Lemma 2.1(iv))

—1 (ﬁw C| gj) (5 visiTic | T v 5) (z)  (by Lemma 3.5(i))

- 1( C| g]) (5w vrlric | T 1@) (z)  (by (2.7) and Lemma 2.1(vii))
- I( C| §]> + I(BTW VI2TiC | g,) (Tz),  (by Lemma 2.1(ii) and (2.10))

where in the second last equality we have used that f“([[]NT~'B) = p([I])B*(T~'B) for
I € AN and B € B(AY) since 8¢ are product measures by (2.7). Then an induction shows that

n—1
n—1m—i e kw &
(3.19) L(8 Vi T7C 1 &) (@) = Y 1(87, ¢ | §) (Tha).
k=0
On the other hand, it follows from Theorem 2.3 and (2.3) that for Q-a.e. (w, ),
(3.20) —log 579 (€)M () = 1(B*, VI TC | §) (),
By (3.19), (3.20) and (3.13), applying Birkhoff’s ergodic theorem finishes the proof. O

3.3. Transverse dimensions. The aim of this subsection is to prove Proposition 3.9, which
intuitively provides the local dimension of p“ along each coordinate.

Proposition 3.9. For Q-a.e. (w,x) and 1 < j <d,

£ , A A
o log B2 (B (@, 7)) _ By — H
r—0 logr Xj

where Hf' is defined in (3.3).

)

The proof of Proposition 3.9 is inspired by [20, Proposition 5.1]. The key idea is to reformulate
the measures of small balls in terms of certain variants of Birkhoff sums. The proof is then
completed by applying Birkhoff’s and the following Maker’s ergodic theorems [42].

Lemma 3.10 (Maker [42]). Let T be a measure-preserving transformation on a probability space
(X,B,0). Let (g,)5; be a sequence of measurable functions converging 0-a.e. to g. Suppose
sup,,|gn| < f for some f € LY(X,B 9). Then both 6-a.e. and in L',

hm—Zgn kTHC E(0,9|7)(z)

n—oo n
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where T = {B € B: T™'B = B}.

The following lemma is a preparation for applying Lemma 3.10.

Lemma 3.11. For Q-a.e. (w,x) and 1 < j <d,

w&j-1 ( pIl;
(3.21) lim — log Be ™ (B (z,r)NC())

=I(pv,cC ‘. _
r—0 6;’»53'71 (an (l‘,?“)) (B | f]) (z)

Furthermore, set

w)&j—l 11
T B , ﬂC
o(w,7) = — inf log = wf_( (z,1)NC ()
=0 B (B (, 7))
Then g > 0 and g € LY(Q x AN, Q).

Proof. Applying [20, Lemma 2.5(2)] with AN,W[j}Rd,ﬂm,ﬁw,C,fj_l in place of X, Y, 7w, m,a,n
gives
297 (BT (2,1) NC(x))

lim —lo =I(p“C Vv E ) (2)

r—0 & B;J@jfl (BHj (.1‘,7’)) ( | 5] 5] 1) ( )
This implies (3.21) since &j_1 < §;. The last statement follows from the second part of [20,
Lemma 2.5(2)] and H(8%,C) < Nlog|A| for all w € Q. O

We are now ready to prove Proposition 3.9.

Proof of Proposition 3.9. The proof is adapted from [20, Proposition 5.1]. For clarity and to
account for the dependence on w, we provide the details in full.

For n € N, define

6 (510 (3, 7))
ﬁ;:,éjfl <an (Tx, )\?ﬂﬁ\(n—l)N)) '

Then by telescoping and diam(supp u) < 1,

(3.22) H,(w,x) =log

n—1

(3.23) Zank(Tk(w,.%')) — log g5 (an (3:7 /\;c\nN» '
k=0
For n € N, define
w&i=1 (B (5 22"V ¢
(3.24) Go(w, ) = log < j (a: y ) N (x))

6 (5 ()
For 1 <5 < d, write

(3.25) Qi(w,) =1(8*,C | §) (@)

Then Lemma 3.11 implies that sup,,|G,| € L'(Q) and for Q-a.e. (w,z),

lim G, = —Q;.

n—oo
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Thus for Q-a.e. (w, ), combining Lemma 3.10 and Lemma 3.7 shows that

n—1

(3.26) nan;OﬁZGn o(T* (w, z) /Qj dQ = —NHf),

and by Birkhoff’s ergodic theorem,
.1
(3.27) nh_}rrolo - Zijl(Tk(w,m)) = NHE.‘_”,

Next, we show that for n € N,
(3.28) H,=-Q;j1—-G
This is justified as follows,

H,(w,z) + Gp(w,x)

B9 (B (2, X5 ) ne(w))

—log e i) (by (3.22) and (3.24))
B G el ) S
TS (B (10, AT
357 (171 (g-1(Tw) 1 B (T, AT ) ne(a)) )
— log (by Lemma 3.5(ii))
5125 (B (T, X))
o getiz1 (T—lBHa' (T ANy e () ﬂC(x)) oy reamranging)
5Tx7€j 1< i(Tz, ATac\(n 1>N))
5;875]'*1( LB (T, AT )ﬂﬁj—l(ﬂﬁ)ﬁc(x)) :
—log S (i (1T (by Lemma 3.5(i))
B9 (1718 (T, AN ne(@)) e
= log P (an T /\;”f"(”*l)N)) (by Bz (§-1(2)) = 1)
= log 85 (C()) (by a rearranged version of Lemma 3.6)
- —1(5w,c | gf_l) () (by Theorem 2.3 and (2.3))
= —Qj_1(w, ). (by (3.25))

Finally, for Q-a.e. (w,x), we have

_log B (B (x, 7))
lim
r—0 log r

~ log Bf:’éj*l (BHJ‘ (z, )\;C'nN)>
log A;

(by Lemma 3.4)
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P Hy k(TR (w, 7))

= lim (by (3.23))
n—00 log )\;?WN
n—1 k n k
(T Gr_1(T"(w,
n—roe —log A;
A
- Hp_y —H
= lim ————. (by (3.26), (3.27) and Lemma 3.4)
This finishes the proof. U

3.4. Proof of Theorem 3.1. In this subsection, we prove Theorem 3.1 by adapting the argu-
ments in [20, Section 6], which is itself inspired by ideas from Ledrappier and Young [41].

For 1 <i < d, denote

A A
(3.29) 9, = M
Xi

Using Proposition 3.9, it follows that for Q-a.e. (w,z),

1 w,&i—1 B
(3.30) 9 = lim 80 (BR(@: 1)
r—0 log r

For Q-a.e. (w,z) and 0 < i < j < d, define

1 ;‘Jvﬁz BH] )
and lfj(x) = lim inf o8 fi™ (B0 (z r))

log B2 (B (z,r))
w1
(3.31)  77;(x) = limsup n ir g7

r—0 log r

We claim that the following three statements hold for Q-a.e. (w, z):

(D1) 75 (@) =5 @) =0
(D2> '77,—1,]('%) < ﬁ](ﬁi) +9; for1<i< J-
(D3) 7 (@) + 0 <97 (@) for 1<i< ],

Proof of Theorem 5.1 assuming (D1)-(D3). Combining (D2) and (D3) shows that if 7;(z) =

w

L‘j(x) = 7;;(z) for some 7¢;(z) € R, then
(3.32) (@) ST () S () + 0 =4 (@) 0 <22 (@)

Thus 1;)—1,3'(1") =i j(x) =7 ;(2) for some 7, ;(z) € R, and so
(3.33) Vily () = 795 (x) + Vi
By (D1), an induction from ¢ = j shows that (3.32) and (3.33) hold for all 1 <7 < j. Hence
(3.34) (@) = ZJ: 9y = ZJ: W for 0 <i < j.
{=i+1 l=i+1
Note that for Q-a.e. (w,z) and r > 0,
B (B (,m)) = (mpp1B3 %) (B (=), 7))
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This, together with (3.31) and (3.34), shows that for Q-a.e. (w,z) and 0 < i < j, the measure
W[j]Hﬁg Si is exact dimensional with

A A
Hien —Hiyg

J
(3.35) dim 7 [IB5% = Y v

{=i+1

This proves Theorem 3.1 when J = [d]. For general J C [d], the proof is finished by considering

® ; instead. O
It remains to prove (D1)—(D3).

Proof of (D1). Since &;(x) = Hj_l(l'[j(:v)) c BYi(z,r) for every z € AN and r > 0, we have

1> 8% (B (z,7)) > 2% (¢(x)) = 1.

Thus 7% ,(z) = lzf’j(x) =0 for Q-a.e. (w,x). O

The proof of (D2) and (D3) relies on the next lemma showing that a set with positive measure

has positive density with respect to conditional measures almost surely.

Lemma 3.12. Let w € Q and A € B(AY) be with f“(A) > 0. Then for 0 < i < j < d and
BY-a.e. x € A,

B
=0 B (B (@, 7))

Proof. Applying [20, Lemma 2.5(1)] with AN,W[]-}]Rd,ﬂ'm,,B‘”,C,{i in place of XY, m,m,a,n
shows that for f“-a.e. x,

524(AN BT (2. 7))
1111
0 (B )

—E(5*, 1416V E) (@),

The proof is completed by an almost trivial property of conditional expectation that, for a
probability space (X, B,6) and a sub-o-algebra F of B, letting A € B be with §(A) > 0, we
have

E,14| F)(x) >0 for f-ae x € A.

(See e.g. [22, Lemma 3.10] for a proof.) O

Now we are ready to prove (D2) and (D3). We provide a rough outline of the reasoning behind
(D2) and (D3), which can be interpreted respectively as upper and lower bounds on the local

£i-1 at z. Bounds on local dimension correspond to estimates on the measure of

dimension of g
small balls centered at x. For (D2), consider a small ball B centred at = with radius shrinking
at a rate comparable to y;. To estimate (5 £im1 (B) from below, we count the number of cylinder
sets I inside B. This count is obtained via a volume argument: the lower bound on 3; ’gi(B)
and upper bound on each va"’& (I) are expressed in terms of 7;’](:@ and Hﬁl}, respectively. The
measure ﬁg’f"_l (I) is then estimated using Hf;‘_l]. As for (D3), to bound 6}0’&_1 (B) from above,
we use the disintegration 32! = | By £ g gesi-1 (y). The B85 -measure of B (the integrands)

is controlled by 1‘;]. (x), while the 87 $i-1_measure of the integration domain is governed by ;.
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Proof of (D2). Suppose on the contrary that (D2) is not true. There exist 1 < ¢ < j and
U c Q x AN with Q(U) > 0 such that for (w,z) € U,

(3.36) O; <7iqj(x) =775 (2).

It follows from (3.36) and (3.31) that U is a subset of the following set,

U U {(%1’)1 Vi <Fim1 =i — &, Vil j(®) > Fiq, Vig(@) < %‘}-
acQN(0,00) ¥;-1,7;€Q
Recall the definition of ¥; in (3.29) and write h; := Hﬁ‘] for 0 < ¢ < j for short. Then there exist
a>0,7%_1,7% € Qand V C U with Q(V) > 0 such that
hi—1 —h;
Xi

Yie1 — Vi — o,

(3.37)
and for (w,x) € V,

(3.38) Vir1 (%) =1, ¥ii(r) <7

Take ¢ € (0, x;/3). There exists ng: V' — N such that for Q-a.e. (w,z) € V and n > ng(z),

1) B (B (x,exp(—n(Nx; — 20)))) > exp (—n(Nxi — 2¢)(%; +¢));  (by (3.31), (3.38))
2) B (Cg_l(a:)) < exp(—n(Nh; —¢)); (by Lemma 3.8)

3) Btz (Cy ' (x)) > exp (—n(Nhi—1 +¢€)); (by Lemma 3.8)

(
(
(
(4) &—1(x) mcg—l(x) C BYWi(z,exp(—n(Ny; —2¢))).  (by Lemma 3.5(iii))

Take Ny such that

A= {(w,z) € V:ng(z) < No}

satisfies Q(A) > 0. By (3.7) there exists Q C Q with P(Q) > 0 such that for each w € Q there
exists X C AN satisfying {w} x X* C A and 8%(X*) > 0. Lemma 3.12 implies that for some
¢ > 0and each w € S~2, there exists Y¥ C X with 5“(Y*“) > 0 such that for x € Y* there exists
n =n(w,z) > Ny satisfying,

(5) B;J’gi (LNXY) > cﬁ?,f’& (L), where L := B (x, exp(—n(Ny; — 2¢)));
(6) B}u’gi_l (B (z,2exp(—n(Nx; — 2¢)))) < exp (—n(Nx; — 26)(F;—1 — €));

(by (3.31), (3.38))
(7) log(1/¢) < ne.

Take w € Q and z € Y¥ such that (1)—(7) are satisfied with n = n(w, ). By (5) and (1),
BES (LNXY) 2 B (L) 2 cexp(—n(Nxi7; + O(e))).

For each I € Cj~" with IN&(z)NLNXY # @, there is y € X¥ such that I = €~ '(y) and
&i(y) = & (x). Thus, (2) implies

Be&(I) = Bo5 (C3(y)) < exp(—n(Nh; —€)).

Hence, by &;(z) C &—1(x), combining the previous two equations gives
#{I eyt INng 1(x)NLNXY # @}
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> #{I ceCy i Ing(z)NLNXY # @}
> cexp (n(N(h; — xi7;) — O(€))) -

On the other hand, for each T € CJ~! with IN&_1(x)NLNXY # (), there exists z €
INg_1(z)NLNXY. Thus,
Gio1(@)NI =& 1(2)NCY(2)
C B (z,exp (—n(Nx; — 2¢))) (by (4))
c BYi(z,2exp (—n(Ny; — 2¢))) . (by z € L)
It follows from (3) that
BES(1) = 25 (€37 (2)) > exp(—n(Nhi—y +¢)).
Hence
62”&_1 (an (x,2exp(—n(Nyx; — 25))))
> #{I ceCy i INng 1(x)NLNXY # (Z)} exp(—n(Nhi—1 +¢))
> exp (loge+n (N(hi — hi—1 — xi7:) — O(¢€))) .
From this, (6) and (7) it follows that
—NXi¥i—1 +O0(€) =2 N(hi — hi—1 — xi7%;) — O(€)-
Letting ¢ — 0 and dividing by N give h;—1 — h; > xi(¥;_1 —7;), & contradiction to (3.37). O
Proof of (D3). Suppose on the contrary that (D3) is not true. Then there exist 1 < i < j and
U C Q x AN with Q(U) > 0 such that for (w,z) € U,
(3.39) lf](x) +9; >~ ().

~i—1,5
It follows from (3.39) and (3.31) that U is a subset of the following set,

U U {(w,az): VT >, e, 1;11,;'(55) S Py l‘zu](x) Z ’Vi}'
a€QN(0,00) 7, _;,7,€Q
Then there exist a >0, 7, ,,7, € Qand V C U with Q(V) > 0 such that
(3.40) v+ >y, o

and for (w,x) € V,

(3.41) lf_ld,(a:) <7 l‘i‘jj
Let ¢ € (0,a/4). By Egorov’s theorem and (3.41), there exist A C V with Q(A) > 0 and

Ny € N such that for (w,z) € A and n > Np,
(3.42) Bk (BHj (z,2exp(—n))) < exp (—n (lz‘ - 5)) .

By (3.7), there exists @ C Q with P(Q) > 0 so that for each w € § there exists X C AN
satisfying {w} x X“ C A and f¥(X*) > 0. Lemma 3.12 implies that for some ¢ > 0 and each

() >,

1
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w € Q, there exists Y¥ C X* with BY(Y*) > 0 such that for z € Y there exists N1 > Ny so
that for w € Q, x € Y¥ and n > Ny,

(3.43) B (XY N B (2, exp(—n))) > ¢85 (B (2, exp(—n))) .
Then
B4 (B (2, exp(—n)))
< e 1B (X9 N B (2, exp(—n)))

(3.44) <! . B% (XN B (2, exp(—n))) A1 (y) (by &i—1 < &)

<ot f 56 (30N B (2, exp(—n) 825 ()
Bi(z exp(—n))
where the last inequality holds since combining y € &_1(x) and &(y) N X N B (2, exp(—n)) #

0 implies y € BYi(z,exp(—n)). To see that, take z € &(y) N X¥ N BWi(x,exp(—n)). Since
;(2) = TL;(y) and 7} 1L; = I1; by 7 < j, we have

IT(y) — a(@)l| = IT(2) — T(@)]| < () — T (@)]] < exp(—n),
which implies y € B (2, exp(—n)). Moreover, it follows from z € B (x, exp(—n)) that
BWi(z,exp(—n)) € B (z,2exp(—n)).
Hence,
B (XN B (2, exp(—n))) = B2% (X¥ N B (2, exp(—n))) (by &(2) = &(y))
< B (B (2,2 exp(—n)))
< exp (—n(lz. - 5)) . (by (3.42) and z € X¥)
Combining this with (3.44) shows that for w € Q and z € Y,
Bt (B" (2, exp(—n))) < exp (— logc—n(y, — 5)) Bt (BYi (2, exp(—n))) .
By taking logarithm, dividing by n and letting n — oo, it follows from (3.31) and (3.30) that
lf_l,j(fﬂ) > 7, +U; — &. Then applying (3.41) shows
Vg > 7+ ; — €.

Letting € — 0 gives 7, | > 7, + ¢, a contradiction to (3.40). (]

1

4. THE DISINTEGRATIONS WITH RESPECT TO LINEAR PARTS

In this and all the subsequent sections, we fix N € N and let T be a partition of AN so that for
z,y € AN, z|N = y|N implies I'(z) = I'(y), which in turn implies Ap,ny = Ag, - Specifically,
(4.1) L<T < {[]:IeA"},

where L is the partition of AN deﬁped by L(z) = L(y) ifand only if A, = Ay forz,y € AN,
We set T = oV and A = Vi2oT™'I'. Recall the definitions of €2, P, 8, u* from Section 2.4. In
this section we introduce some properties of A and the associated random measures.
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We begin with some notations. For w € Q, where w = A(z) with z € AN, and n > 0, define
Al = Ap, .y and Avln = (Aw|")_1

This is well defined since, by (4.1) it is independent of the choice of z. For 1 < j < d, denote
the j-th entry on the diagonal of A¥" as A “I" " Define

wln | wln
X | ash,

Let rmin == min{|r; j|: 1 <1i,j < d} and ryax = max{|r; j|: 1 <i,j < d}. Then

—wln | wln -1 win | wln
A = ()\j ) and 5" = —log A",

(4.2) e < XN <N for 1< j < d,
Write Xmin := —10€ Tmax and Xmax := — log "min. Then
(43) nNXmin < X;J‘n < nNXmax for 1 < Jj< d.

The following lemma is a direct consequence of Lemma 3.4, (3.7) and Egorov’s theorem.

Lemma 4.1. Forn € (0,1) there exists  C Q with P(Q) > 1 —1 so that forw € Q andn € N
with =1 < n, we have X?'” — nNXj‘ <nn for1 <j<d.

The random measure p* exhibits a convolution structure. For w € 2 and n > 0, define

(4.4) vy = Y B(u)s

ueAnN
Since A, = A“I" for u € A" with 8%([u]) # 0, it follows from (2.13) that
(45) = v AT

where A6 denotes the pushforward of a measure 6 by a matrix A.

4.1. Nonconformal partition. Fix w € Q. Following [52], we define the nonconformal par-
titions used to analyze the entropy growth of . For n € Z, let D¢ be the n-th level dyadic

partition of R?, that is,
d k 1 ¢ d

For t € R, define Df = Lt I We omit the superscript d when the ambient space is clear from
the context. For w € Q and n > 0, define

(4.6) £Y = A“I"Dd — {A“I"D. D € DI} = >< XDl
7=1
and
(4.7) g2 = AwInpd — >< A g,
7=1

It is readily checked that for n,b > 0 and J C [d],

(48) ﬂ.;lgw Aw|b _lngln{n b}w7

and

(4.9) &%, and X D ol aTe O(1)-commensurable.
7j=1 X;j
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For y € R?, we define the translation map Ty(z)=xz+y,z¢€ R?. Tt is readily checked that

(4.10) ms€, and T?jlﬂjlé’ﬁf are O(1)-commensurable for .J C [d] and y € R%

Next, suppose f, g are two maps from a set X to R? such that for some C' > 1,
| (f(x) —g(z))| < C)\;.Jm for1<j<dand z € X.
Then

(4.11) finteY and g a1 EY are O(Cd) -commensurable for J C [d].

Combining (4.5), Lemma 2.2(iii) and (4.10), we obtain the following inequality for m,n > 0,
(4.12) H (1, €5 | £2) 2 H(uT™,€57) — 0(1).

This estimate is the major advantage of considering £ over the dyadic partitions DZ and the
nonconformal partitions diag(exp(—nx1),...,exp(—nxaq))Dg previously used in [52].

4.2. Component measure. Fix w € ). We introduce the component measures along £~.
Given 6 € M(RY) and n > 0, let 05 , be a measure-valued random element such that 67, =
Ogw(z) With probability 6(E(x)) for x € R?. Thus, for a event U C M(R?),

P{0s, €U} =0 {z € RT: Gy € U}
We call 0, an n-th level component of § given w € Q and z € R, For x € R? with (¥ (x)) > 0,
we write ¢, in place of fgv(,) even when no randomness is involved. Thus, for n > 0,
(4.13) o / 6 do(x).

We can also choose a random scale n uniformly from a range. For example, for a finite set
I C N, define

1
Let E and E;c; denote the corresponding expectation with respect to P and P;c;. Thus, for
each bounded measurable function f: M(RY) — R and n > 0,

Binn (F62) = [ £65p100) d0(0).
In particular, for k,n > 0,
(4'14) H(9755+k ’ 5;)) =Ei—, (H( ;:J,ia :—i—k)) :

We finish this section with the a useful lemma relating the entropies of a measure and its
components. The proof is almost identical to [29, Lemma 3.4] and is therefore omitted.

Lemma 4.2. Let § € M (R%) with diam(supp ) < R for some R > 1. Then for all w € Q and
every 1 <m < n,

1 w 1 o ow m + log R
HH(e, EY) = Bi<y<n <mH(9W 5q+m)) +0 <n)

1 +log R
— Eicyen (mH(e, £ | e;)) L0 (mog> |

n
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5. ENTROPY OF REPEATED SELF-CONVOLUTIONS

This section is devoted to proving the following proposition, which is analogous to [52, Propo-
sition 1.15] for the random measures. It plays a crucial role in establishing the entropy increase
result. The proof is adapted from [52]. To account for the dependence on w and other additional
parameters, based on the dynamics on (2, P) we adapt the arguments to prove the modified
version of the statements. For clarity, we provide the necessary details.

Proposition 5.1. For e € (0,1), there is 6 > 0 so that the following holds. Let n € (0,1) and
mi,...,mgki,...,kqg € Nbewithe ' <n ™t <mg <hkqg<mg_1 < - < ko < my < k.
There exists Q C Q with P(Q) > 1 —n so that for n € N with k1 < n and w € Q the following
holds. Let 0 € M (R?) with diam(supp6) < e~' and 2H(0,E%) > . Then there exist j € [d]
and Q¥ C [n] with #,(Q%) > § so that

(5.1) (0,68

— q+mj\5;\/7r_1 & )>NXj—5 for q e Q.
J

[d\{5} 7 atmy
5.1. Entropy of self-convolutions under a condition on variance. The purpose of this
subsection is to prove the following lemma, which is analogous to [52, Lemma 3.2].

Lemma 5.2. Letn € (0,1) and m, ¢,k € N be withn™' < m < £ < k. There exists Q0 C Q with
P(Q) > 1—n so that, forn € N with k < n and w € Q, there is B* C [n] with #,(B*) >1—1n
s0 that the following holds. Let 01, . ..,0r € Mc(R?) be with diam(supp ;) < n~' for 1 <i < k.
Set p := 01 % ---x 0. Suppose that there exists 1 < j < d so that Var(m;6;) > n for1 <i <k
and Var(mjp) < n~' for 1 < j' < j. Recall Xmax from (4.3) and set a := |logk/(2N Xmax)]-
Then for w € Q,

%H(p, Sﬁ;ﬁ:%w | SZT_I’;[*% \Y% W[?i]l\{j}gﬁ;éj;niaw> > Nx; —n forbe B¥.

We start with a lemma saying that, at sufficiently large scales and under certain moment
conditions, the finite-scale entropy of convolutions of the measures on R can be arbitrarily close
to 1. It is a combination of [52, Lemma 3.3] with a version of the Berry-Esseen theorem [15]
(see also [52, Theorem 3.1]).

Lemma 5.3. Let¢,0 € (0,1) and m,f € N be with e~ !,m < £ < 7. Let 61,...,0;, € M(R)
and set p := 01 * - * 0. Suppose that the mean (p) = 0, the variance Var(p) € (g,e '), and
Var(p) =2 35, [t do;(t) < 6. Then LH(p,D},,, | D}) >1—e.

Now we are ready to prove Lemma 5.2.

Proof of Lemma 5.2. The proof is adapted from [52, Lemma 3.2]. To account for the dependence
on additional parameters, we include the details for clarity. For 1 < j < d, the coordinate map
from RY to R is denoted as 7;(z) = (z,¢;) for + € RY. After a translation of §;, by Lemma 2.1(iv)
we can assume that the mean (7:0;) = 0 for 1 < j' < dand supp; C [-n~L,p~ 1|4 for 1 <i < k.

For w € Q, define g(w) := {exp(Zx‘f‘a)J. It follows from (4.3) that

1
(5.2) §kxmi“/xma" <qw) <k forwe.
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Then ¢ < g(w) since £ < k.

Let € € (0,1) be with 7! < 7! < m < £ < k. By Lemma 4.1 and the T-invariance of P,
there exists ' C Q with P(€) > 1 — /2 so that for w € " and 1 < 5/ < d,

wla
X X’ w|(¢+m)
5.3 I N ‘X., (4 m)Nyy| <e,
and
12
(5.4) X;TF wim _ mNXj‘ < me.

In what follows we take w € ©'. Write ¢ = ¢(w) and p = 01 * - - - x 0.

We first show that
n
4 )

where C¥ := &} V ﬂ[;l]l\ {j}éﬁ_m. Next, we estimate the moments of corresponding measures. For

1 wl|ax W w
(5.5) EH<7UA 15, Eim | C ) > Ny —

1 <i<kands =23, it follows from supp8; C [-n~',n71]¢ and ¢ = Lexp(2X;}|a)J that

(5.6) /!t|8d7~rjAwa92‘(t) = exp sxfla /]t] d7;0:(t) = (n—sq—s/Q) .
Thus,

Var (7 A”'a[)') ZVar A“"“@) O(n?).

Moreover, by Var(m;6;) > nfor 1 <i<qg<kand ¢g= {exp(2x]‘ )J,

3

Var(%jAwlaﬁ) = exp ( w‘“) ZVar (736;) > =.

[\

Hence

Ly [t a7 A@l; () _0 (n79/2q71/2)
Var(7; Avlap)3/2 .

Combining all above with e ! < m < ¢ < q and Lemma 5.3, we conclude from Lemma 2.2(iv)

and (5.4) that

1
H ~,Aw\a~’pl Dlw
(477 oty | Pt
1 wla 1 1
> mNXj <7TJA p,D wM-i—me |DX;,|Z —O(E)

>1—-e—-0()>1-0(¢).
By (4.9) and =t < 71, this proves (5.5).
We proceed to estimate the error caused by 7; in (5.5). For j" € [d] \ {j}, set
Sjr = {a: € R%: ‘wj/Awma:

<exp (—2Nxq(¢ + m))} ,
and define S := mj’e[d}\{j} Sj/. For xz € S,

‘Awmx - WjAw‘a:L‘ = O(exp (—2Nxqa(£ +m))) .
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Hence by (5.3) and (4.11),

(5.7) H(A“"“ﬁs,ggirm | C“) - (ij 95, E2 0 | C“’) +O(1).

For j < j' < d, it follows from (5.3) that
q
Var(%ij‘”'aﬁ) = exp <—2X;f),‘a> Z\/ar(%jlﬁi) =0 (nfqu_xj’/xﬁk) .
For 1 < j’ < j, it follows from Var(m;p) < Var(rjp) <n~! and (5.3) that
Var(%j/A“"af)) < 77—1 exp ( 2Xw|a> 0O (n—lq—XjI/Xj+2€) )
Recall that x; < -+ < xq. By n7! < 7!, there is § > 0 only depending on 1, ..., x4 so that
Var(Fy A“95) = O(52¢™%) for ' € [d]\ {j}.
From this, since the mean (7;p) = 0 for j* € [d], and by Chebyshev’s inequality,

PSTY< D S < D exp(ANyq(f +m)) Var(Fy A¥95)
(5.8) J'eld\{s} J"€ld\{s}

=0 (exp (ANxa(€ +m)) 77_2q_‘5) :
By supp mj A5 C [—gn~!,qn~"]% and (5.3),
H(mj A0 Bse, 6, ) = O +m + log(qn ™).
From the above two equations, it follows from 1! < m < f < ¢ that
ﬁ(SC) ( wla~ w w) n
. ——2H(m;A c < -
(5.9) m T pse,Efym | C¥) < 4

Hence

—H (AN, &2, | )

> @H(Aw‘aﬁ Evm | CW) (by Lemma 2.2(iii))
m
> 7H(TrjA 5, &8 | C ) —0<m (by (5.7))
> 7H(TrjA 955, £, | C ) - (by =" < m)
ﬁ(Sc) wla~x~ w w n
1 wla>~ cw w 3
> EH(?T]‘A a5, Elm | C ) =3 (by Lemma 2.2(iii) and (5.8))
> Nx; —n. (by (5.5))
Recall m < ¢ < a. By (4.8) with a in place of b and ¢, ¢+ m in place of n, this implies that
1 g™ | Tt ok Trm .
EH( f+m a [d\{j }EZer a) > NXJ -0

Then it follows from (5.2), concavity of conditional entropy, (4.10) and 7! < m that

]. é+m w Z+m
(5.10) — H(p €5 s | EL8V mgh (1 EHma) = Nx; = 2n.
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Finally, we complete the proof by the ergodicity of (2, P,T"). For w € Q, define
(5.11) BY = {b enl: b>a, T we Q’}.

Recall that P(Q') > 1 —¢/2 > 1 —1n/2 and a = O(logk) < n. By applying Birkhoff’s
ergodic theorem and Egorov’s theorem to 1qy, there exists Q C Q with P(Q) > 1 — 7 such that
#,(B¥) > 1 — 7. Combining (5.10) and (5.11) gives that for w € Q and b € B%,

1 {+m~+b—a l+b—a _ l+m+b—a
(5'12) RH<:0’ gz—m—a Y | EKT—a Y 7T[d]l\{j}‘S‘Zi-m—a w) > NXj - 277'

This finishes the proof. O

5.2. Positive entropy implies nonnegligible variance. Based on Chebyshev’s inequality
and (4.2), the proof of the next lemma is almost identical to [29, Lemma 4.4] and so omitted.

Lemma 5.4. Let ,5 € (0,1) and m € N be with e < m < 67, Let § € M.(R?) such that
diam(supp 0) < e and Var(m;0) < 6 for each 1 < j < d. Then LH(0,E%) <& for w € Q.

The following lemma is analogous to [52, Lemma 3.5], providing a nonnegligible proportion
of components with positive variance based on the assumption of positive entropy. The proof
is nearly identical to that of [52, Lemma 3.5], based on Lemma 5.4, and is therefore omitted.

Lemma 5.5. For ¢ € (0,1) there exists 6 > 0 so that the following holds. Let n € N be with
et < n. Letw € Q and 0 € M (R?) be with diam(supp ) < e~ and 2H(0,E%) > e. Then
there exists BY C [n] with #,(B“) > ¢ so that

Pi:b{Var(ﬂjA_wliG;i) > § for some 1 < j < d} >46 forbe BY.
5.3. Proof of Proposition 5.1. Now we are ready to prove Proposition 5.1.

Proof of Proposition 5.1. The proof is adapted from [52, Proposition 1.15], with Lemmas 5.2
and 5.5 in roles of [52, Lemmas 3.2 and 3.5|, respectively. To account for the dependence on
additional parameters and for clarity, we include the necessary details.

Let § € (0,1) and #1,...,44 € N be with
(513) el il nlaesmy<ly<hag<mg < - <hky <my <l <k <n.

Define l;:; = [0k;/(2d)] for 1 < j <d. By {; < k; and 0~ < kj, we have {; < /g] Let ng:=mn
and 7; ::k:jj:l for 1 <j <d. Thennjgnandnj_1<<mj <<€j<<l%}<<nfor1§j§d.

Let Q be the intersection of the Q’s obtained by applying Lemma 5.2 repeatedly with
n;,mj, ¢, k; in place of n,m,f,k for 1 < j < d. Note that k; < n for 1 < j < d. For
w € €, let B be the intersection of corresponding B“’s obtained by applying Lemma 5.2 with
n in place of n. Then P(Q) > 1 — dn and for w € Q, #,(B¥) > 1 — dn. In what follows we
take w € Q, and let B* C [n] accordingly. By Lemma 5.5 and e~! < 67! < n~!, there exists

B” C B¥ with #,(B”) > 6 — dn > §/2 so that for b € B”,
Pi:b{Var(ij_w|b9;’7i) > ¢ for some 1 < j < d} > 0.
For 1 <j<d, let B}” be the set of all b € B” so that

Pi:b{Var(ij—““e;{i) > n; and Var(ﬂ'j/A_w'iH;”i) <npfor1<j < j} > §/d.
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It is clear that B* C U?Zl BY. Since #,.(B*) > §/2, it follows that #n(BY) > 0/(2d) for some
1 < j <d. Fix such j until the end of the proof.

Note that
el <yt <my <y <kj<n  and  ny <k for 1< <.
Let b € B be given, and define

Y = {z ¢ R%: Var(ijfw‘bG‘;’b) > n; and Var(wj/Af‘“‘bG‘”b) <nj for 1 <j < j}.

Zz,

Recall k‘Nj = [0k;/(2d)], and write k = kN] for short. Set
Z = {(:cl,...,xkj) e RN #{1<s<hj:a, €Y} > k}

Since O(Y) > 6/d and 6~ < kj, the weak law of large numbers implies %/ (Z) > 1 — 4.

Let (:xl,...,a:kj) € Z be given. Then there exist integers 1 < 51 < --- < 5, < k; so that
x5, € Y for 1 <i < k. Note that

diam (supp A~wlbge ) =0(1) forl1<i<k.

xsi,b
Set
pi= ATG2 e ATlGY

xsk,b‘

By the definition of Y and Z, we have for 1 <17 <k,
Var(m; A=005 ) > 1,
and for each 1 < j' < j, recalling k = l;] = [0k;/(2d)],

k
V&I‘(T['j/p) = ZV&I(?Tj/AiUJ'b@;JSi’b) < ]{Jnj/ = O(5kj77j/) <1
=1

Recall the definition of B* and BY. Set a := [logk/(2N Xmax)]. Lemma 5.2 shows that

b+€;+m ;—
+mj;—a

ay gTb+€j — Tb+€j +mj—a
’ li—a

‘wy gl

1 T
(14) o H(pE] @\ (5} E5+m;—a

“)>Nx;—6 forbe By,
J

T+ -

For s € Z and b > 0, write CI" := 5s+£j_a% v W[Zl]l\{j}gggix?j__:w for short. Since (5.14),

k <kj; and il m;j, we conclude from (4.10) and concavity of entropy that for b € By,

b+2j+m]47
+mj—a

1 |
—H (*ij:lA_wlb9557bv &,

wledte) > Ny - 26,
m;

Recall m; < {; < a < b. From this and applying (4.8) with b in place of b and b+ £; + m; —
a,b+ £; — a in place of n, it follows that

1 k.
(5.15) EH(*S; 10 4 €4t —a | c;;) > N; — 36.
J

Note that by (4.13),
gk — /*?19;}5,5 deij (-7}17 . ,.’L'kj>.
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From this, concavity of entropy, (5.15) and 8**%i(Z) > 1 — 6, it follows that for b € BY,

1 xk; ow w -1 w
ij<9 7 &t —atm; | Ertj—a V W[d]\{j}5b+£j—a+mj) >
(5.16) X
k; w w w 3

/Z n,LjH<*5310xs,bv ngijfaerj ‘ Cb > d(ngJ (xla <o 7$kj) > NXj - 0(5)
Finally, define Q¥ := {q €hnl:qg—{j+ac B‘;} From ¢,a,61 < n and #n(B;-") > 0/(2d),
it follows that #,(Q%) > §/(3d). The proof is finished by e~! < 6! and (5.16). O

6. ENTROPY OF COMPONENT MEASURES

In this section, we prove three lemmas about the entropy of u across different scales, which
will be applied in Sections 7 and 8. These lemmas reveal the uniformness of random measures
across scales, which is another key ingredient for proving the entropy increase result. Lemma 6.1
is an analog of [52, Lemma 4.1], while Lemmas 6.2 and 6.3 replace [52, Lemmas 1.13 and 1.14]
with analogous estimates for random measures at a large proportion of scales.

We begin with some notations. By Theorem 3.2, for P-a.e. w and J C [d], mju® is exact
dimensional with dimension given by dim ;A as in (3.4). Inspired by [52], we define
d—1
(6.1) kA=Y Xj+ Xa(dim A — (d —1)).
j=1
Now, we are ready to state the three lemmas to be proved in this section.
Lemma 6.1. Suppose dimny_1jA =d—1. Forn € (0,1) there exists Q C Q with P(Q) > 1—n
such that for n € N with n=! < n,

1
*H(vagz)) — Nk 4
n

<n forwe.

Lemma 6.2. Suppose dimng_1jA = d—1. Forn € (0,1) there exists Q C Q with P(Q) > 1—n
so that the following holds. Let m,n € N be with n~! < m < n. Then for w € Q there is
Q¥ C [n] with #,(Q“) > 1 —n so that

1 w w w w

EH(,U, ,€q+m\5q) > Nkg—n forqe@Q¥.

Lemma 6.3. Suppose dim ;A = |J| for some J C [d]. Forn e (0,1) there exists Q C Q with
P(Q2) > 1 —1n so that the following holds. Let m,n € N be with n=! < m < n. Then for w €
there is Q¥ C [n] with #,(Q%¥) > 1 —n so that

1

—H(u” —1ow w L W

- (,u TS 5q+m|5q) >NZX] n forqe@

jed

6.1. Entropy growth along dyadic partitions. In this subsection, we explore the entropy
growth of the random measures along dyadic partitions.
Lemma 6.4. For n € (0,1) there exists Q C Q with P(Q) > 1 —n so that for n € N with
n~t < n and J C[d],

1 _
—H<7TJM°J,DXw|n> — Nxgdim7m Al <n forw e Q.
n d
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Proof. By Egorov’s theorem and the exact dimensionality of 77, there is Q1 C Q with P(21) >
1 —1n/2 so that for w €

1 .
‘nH(ﬂ'J/Lw,DnNXd) — Nxgdimm;A| < n/2.

On the other hand, by Lemma 4.1 there exists Q C ; with P(Q) > 1 — 7 so that for w € Q
‘X;‘l)‘n - nNXd‘ < nn/2.
The proof is finished by combining the above two equations with Lemma 2.2(iv). O

Lemma 6.5. Suppose dim ;A = |J| for some J C [d]. Forn € (0,1) there exists  C Q with
P(Q) > 1 —1 so that forn € N with n~1 < n,

1 mn p—
(6.2) ’H(?T],LLT YD win w\n) —|JIN(xa — x1)| <n forw € Q.
n Xd X1

Proof. Let € € (0,1) be with n~! < ¢~!. By Egorov’s theorem, there is Q; C Q with P(;) >
1 — ¢ and ng € N so that for w € 1 and n > ny,

1
H(my®, D) 2 1] <.

Then since P is T-invariant, we have

1 v 1 .
/ Jnf ~H (mgu""*, Dn) dP(w) = / Jnf —H (g1 Dn) dP(w)
1
> [ inf —H(mg_u®, Dy) dP
> /91 fnf (fa—1jpt ) dP(w)
= |J| = O(e).

On the other hand, we have (1/n)H (m;u”"“, D,) < |J| for n € N. From this and above, it
follows that there exists Qo C Q2 with P(Q2) > 1 — 0(51/3) so that for w € Q9 and n > nyg,

1 Trw 1/3
(6.3) ‘nH(mu ,Dn)—|J\‘§O(a )

By Lemma 4.1 there is Q C Qp with P(Q) > 1 — 0(51/3) so that for w € Q and e~! < n,
(6.4) ‘xi{'” — X3 = N (xa - X1)‘ < ne.
Combining (6.3) and (6.4), we conclude from Lemma 2.2(iv) that for w € Q and ¢! < n,

‘iH(WJNan’DxZJ”—xTW) N |J|N(Xd B Xl) < O<€1/3) .

This finishes the proof since n~! <« 71, O
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6.2. Proof of Lemmas 6.1—6.3. In this subsection, we prove the lemmas in the beginning of
this section. First we prove Lemma 6.1.

Proof of Lemma 6.1. Let ¢ € (0,1) be with n~! < e7! < n. Let Q be the intersection of the
Q’s obtained by applying Lemmas 4.1, 6.4 and 6.5 with &, n in place of n,n. Then P(Q) > 1—3¢.
In what follows we take w € Q. Note that by (4.9),

H(u,€9) = H (1, D o ) = H (5, D opn | ) +0(1).

From this, Lemma 6.4, (6.1) and ! < ¢!, it suffices to show
1 d—1
(6.5) ~H (3, D o | £5) = N3 x5) +0(e).
J:
First we show the upper bound. It follows from Lemma 4.1 that for each £ € £,

d d
log # {D €D win: DNE # @} < Z(XZ;'" - x‘j‘”) +0(1) <nN Y (xa—x;) +O(ne).

j=1 j=1

Thus,

d—
(6.6) CH (5D | € < Zxd—x] +0().

Next, we prove the lower bound in (6.5). Since A=“I"D e and 7T (Xd I'p i me)

J

are O(1)-commensurable, it follows from (4.5), Lemma 2.2(111) and (4.10) that
H(,ﬂ,p o |5,°;) - H(u;; g A9l T p |5,°;)
Xd Xd

> H (™", (497D ) = O(1)
(6.7) e 1 [
> H(M ' Td—1] (X DX:IW_Xu_Jn)) - 0(1)
Jj=1 ’
n d—1
= H<7r[d1]MT w7j>:<1 ’Dden_ngln> — O(l) .

For each F € Xd 'D i i by Lemma 4.1 we have
j

d—1 d—1

log#{Fedeﬂ ol FﬂE#@} Z win _ w‘n )+ O(1) <nNZ(Xj—X1)+O(n€).
1 j=1 7=1

Thus,
1 Trw qyd—1 “ =
n Xqg X1 j=1 Xd X =1

38



Applying Lemma 2.1(v), we conclude from (6.7), (6.8) and Lemma 6.5 that

L (5D 1 2) 2 (@ - DN~ x) ~ N Y06 1) - 0)

s

-1

=N>» (xa—x;)—O(e).
1

This, together with (6.6), finishes the proof of (6.5). O

<.
Il

Next, we prove Lemma 6.2.

Proof of Lemma 6.2. By applying Lemma 6.1 with /2, m in place of 7, n, there exists ; C Q
with P(21) > 1 — /2 so that for w € Qy,

1 n
EH([LLU,E;;) > NKA — 5

By applying Birkhoff’s ergodic theorem and Egorov’s theorem to lg,, we find Q C Q with
P(Q) > 1 — 7 such that for w € Q there is Q“ C [n] with #,(Q¥) > 1 —n and T9w € € for
q € Q%. From the above inequality, T9% € €1, n~! < m and (4.12), it follows that

1 1 T4 T4 1
%H(,U, ) q+m |gW) mH(:U’ wagm w) _O<m> >N’€.A_77‘
This finishes the proof. U
Finally, we prove Lemma 6.3.

Proof of Lemma 6.3. Let ¢ € (0,1) be with 7! < 7! < m. Let Q1 be the intersection of
the s obtained from applying Lemma 4.1 and Lemma 6.4 with e, m in place of n,n. Then
P(£21) > 1 — 2e. By applying Birkhoff’s ergodic theorem and Egorov’s theorem to 1q,, we find
Q C Q with P(Q2) > 1 — 7 so that for w € Q there is Q¥ C [n] with #,(Q¥) > 1 —n and
T € Q4 for ¢ € Q¥. In what follows we take w € Q and let ¢ € @“. Then T9w € €.

For E € 1'% with EN 7yR? # (), by Lemma 4.1 we have

log # {D € ngqw|m: DNENmRY + (Z)} <mN Z(Xd —Xj) +O(me).

Jje€J
Thus,
1 w w
(6.9) EH(WMT‘I D oot | 1 ) <N 0w =) +0).
jeJ
Next we estimate that
H(” 71-Jl‘s‘t;d-i-m | gw)
> H(Awmuqu Stew wrm | S‘”) (by (4.5) and concavity of entropy)
H(p™, m7len™) = 0(1) (by (4.8))
H(mpm™, e8) —0(1) (by Lemma 2.1(iii))

<7TJ/‘L > qu|m> - H(T(-JILI’qu’ ngqwm | 672%0) - O(l) )
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where the last equality is by Lemma 2.1(v). Since T9w € €1 and ! < m, combining the
above with Lemma 6.4 and (6.9) yields that

1 w  —lew w 1
EH(IU’ 77TJ1€q+m’gq) ENZXj_O<m) —0(e).

jedJ

This finishes the proof since n~! < 7! < m. O

7. PROOF OF THE ENTROPY INCREASE RESULT

In this section, we prove the following entropy increase result for random measures, which
serves as an analog to [52, Theorem 1.12]. This result is a crucial ingredient in the proof of
Theorem 1.12.

Theorem 7.1. Suppose dim A < d and dimn;A = |J| for each J C [d]. For e € (0,1) there
exists 6 = 6(¢) > 0 so that the following holds. Let n € (0,1) be with et < n~!. There exists
Q C Q with P(Q) > 1 —n so that forn € N with n~' < n and w € Q the following holds. Let
0 € M (R?) with diam(supp ) < 1/ and 2H(0,E%) >e. Then LH(0x p, %) > Nk + 6.

To prove Theorem 7.1, we need the following version of the Kaimanovich-Vershik lemma. Its
proof follows a similar approach of [52, Corollary 5.2] and is therefore omitted.

Lemma 7.2. Let w € Q, 0,p € M.(R?) and n € N be given. Then for k € N,

H(0 4 p, &) = H(p,€3) <k (H(0 % p, &) — H(p, &) + O(k)..
Now we are ready to prove Theorem 7.1.

Proof of Theorem 7.1. The proof is adapted from [52, Theorem 1.12], with Proposition 5.1,
Lemmas 6.2 and 6.3 respectively in place of [52, Proposition 1.15, Lemmas 1.13 and 1.14]. To
account for the dependence on additional parameters and for clarity, we provide the necessary
details.

Let dg,e1 € (0,1) and myq,...,mg, k1,...,kq € N be with
(7.1) ettt <smi<k < <m <k <elt < n.

Let Q be the intersection of the Q’s obtained by applying Proposition 5.1 with €,00,1, mj, kj
in place of ¢,d,n, m;j, kj, Lemmas 6.2 with 1 in place of n, Lemma 6.3 repeatedly for J C [d]
with .J, 7 in place of .J, 1, and Lemma 6.1 with &1 in place of . Then P(2) > 1 — O(n). Note
that 7! < m; < kj < nfor 1 < j <d. Forw e Q let QY,Q%,Q% be respectively the Q¥
obtained from Proposition 5.1, Lemmas 6.2 and 6.3. Then #,(QY) > do, #n(Q%) > 1 —n/4
and #,(Q%) > 1 —n/4. Define Q¥ = QYNQYNQY. From Jy' < 5L, it follows that
#,(Q¥) > 5o —n/2 > 0p/2. Let 1 < j < d be the integer obtained along with QY in the
application of Proposition 5.1. In what follows we take w € €2, and let Q¥ C [n] accordingly.
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Note that diam(supp 60*%) < k;/e and e 7! < n7! < m; < k; < n. Using Lemma 4.2 and
the law of total expectation, it follows that

lH(H*kj * uw,é’;’)

n

1 * w
> Brcgen (o H (0 51,65, | €5) ) - O
(72) w 1 *k w
> #H(Q )quQw (WIJH(H 7k /’L ) q—i—TnJ ‘ & ))

1
@\ @ Bcopion (B (0 18, 1 £7) ) = 0.

By dim A < d, we have A := E?:l Xj — k4 > 0. By Lemma 2.1(v), concavity of entropy,
4.10) and n~! < m;, we conclude from Proposition 5.1 and Lemma 6.3 that for ¢ € Q¥,
J

iH(e*’%*u o m, \5W) 7/iH(ak €, | €2V T L E )
J

m; [d]\{J} g+m;
1 1
+ —H(p”, 7 mi | € O()
(7.3) m; ( d\(jy Eatm, ) m;
> Ny;+N Y xy —O0(n)
J'#7

=Nka+NA—-O(n).
For q € QY, by concavity of entropy and =1 < m;, it follows from Lemma 6.2 that

(e g, 16) 2 (g, 1) -0

m; m;

) > Nrg—O(n).

Combining (7.2), (7.3), (7.4), #,(Q“) > do/2 and #,(Q%) > 1 — n/4 shows that

1 xk w ew 50NA
SH (0% 5 ) 2 5 (1)
NA
> —H(p“, &)+ % 5 O(n) (by Lemma 6.1)
1
> Lhge e 4 a2 (by b5 <)

By a rearrangement,
1
- <H (e*kj - 5:;) ~ H(W,S;’)) > 52,
n

By Lemma 7.2 and 561 < kj < n,

2
L HO s 82) — H(o £2)) > 2

S
|
[\
F

By Lemma 6.1 and 561 <k 5{1, this completes the proof with § = 62 /4k;. O

8. PROOF OF THEOREM 1.12

In this section, we establish the following theorem, which directly implies Theorem 1.12.

For n € N, let C, be the partition of AN defined by that C,(z) = C,(y) if and only if
Pxln = Pyln for z,y € AN,
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Theorem 8.1. Fiz N € N. Let I' be a partition of AN satisfying (4.1). Set A = V2,0 VT
Suppose x1 < -+ < X4, and ®; is Diophantine for 1 < j < d. Suppose further that for
z,ye ANneNandl <j<d, TjPaln = TjPyn “MPliEs @yl = Pyn- Then

where dim A is from Theorem 3.2, f3 is as in (1.5), and hpw (®,.A) is as in (1.19).

8.1. Super-exponential concentration. Using Theorem 7.1, we derive the following theo-
rem, which demonstrates that under certain dimension drop condition, any linear acceleration
of scales fails to produce positive entropy for v (see (4.4)). This indicates a super-exponential
concentration for atoms in the support of vi¥. Theorem 8.2 provides the precise formulation of
how the entropy increase result is applied in the proof of the main theorem.

Theorem 8.2. If dim A < d and dim7 ;A = |J| for each J C [d]. Then for e € (0,1) and
n € N with e~ < n, there exists Q C Q with P(Q) > 1 — ¢ so that

1 _
(82) EH(V’rL{L):g]U\?n | 8;;)) <ée f07” w e Qv
where v is as in (4.4).

Proof. Suppose on the contrary that there exist M > 1, e € (0,1), n € N with e~! < n, and
Q1 C Q with P(Q1) > € so that for w € Qy,

1

(8.3) gH(V;’,Sﬁi]” | EX) > e.
Let n € (0,1) be with
(8.4) el M <yt <n.
Let 5 be the intersection of the Q’s obtained from Lemma 6.1 and Theorem 7.1 with €, 7 in
place of €,7. Then P(Q2) > 1 — 2n. Define Q3 := Q1 NQNT " "Qs. Since P is T-invariant,
P(T7 Q) = P() > 1—2n. By e7! < n~! we have P(Q3) > ¢ — 47 > £/2 > 0. In what
follows we take w € Q3.

For z € R?, define 6% := A‘“‘”(l/ﬁ)gﬁ(m). Then diam(supp %) = O(1). Combining (4.8),
(4.14) and (8.3) yields that

1 " w w 1 w w w 1 W ow w
/ SH(0.60 1, ) v (@) = / H (e i) V(@) = ~H(V, Efpn | €2) >

Since %H(Q;,E&‘jl)n) < O(M — 1) for some C > 0, from above there exists £ C R¢ with
VW(E) >¢e/(4C(M — 1)) so that for x € F,
1 n €
fH(Qw, T"w ) =
n T g(M—l)n > 4

Hence by T"w € Q9 and Theorem 7.1, there exists 6 = §(e, M) > 0 so that

(8.5) 5H<9m x 7 ,g(TM_l)n) > (M — 1)Nka+ (M — 1)6.
By w,T"w € Qg and M < n~! < n, it follows from Lemma 6.1 that
(86) EH(:U’T 78(7]1\471)71) > (M - I)NHA - 0(77) )
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and

(8.7) H (i, €5 | £3) < (M~ )Nra+O().
Note that diam (supp 0% MT%) = O(1). From all above we estimate that,
(M —1)Nka+O(n)
H(p*, Exry | €57) (by (8.7))

H (v AT g7 | €7) (by (4.5))

H (0 57, €51, ) dvi(@) = O()  (by (48))

> (1 =v(E)((M—1)Nka—O(n)) (by (8.6
+ v (E)(M —1)Nkg+ (M —1)6) — O(n) (by (8.5))
ed
=M -1)Nka+ 5 —0@). (by v} (E) > e/(4C(M —1)))
Then a rearrangement shows that
)
C < O(n).
This contradicts § = §(s, M) and e}, M < n~!. The proof is completed. O

8.2. Proof of Theorem 8.1. We begin with a lemma relating the entropies of v (see (4.4))
and p“.

Lemma 8.3. Let n € (0,1) and n € N be with n=! < n. Then for w € Q,

1

w cw 1 w cw
EH(Vn’gn) nH(:U’ agn)

<.

Proof. Define II"V: AN — R? by I"V(z) = Pz (0) for x € AN, Since p = TIB%, v¥ =

n

"V« and |m; (I(z) — I™N(x))| < O()\;-u‘n> for 1 < j <d, the proof is finished by (4.11). O

Next, we give some properties of the function defined in (1.5). Let 1 < j; < -+ < js < d and
write J = {js};_,. Recall the IFS ®; from (2.1). By (1.5),

f+ 90%177:1%6 ifx e [Zi:l ij,zii} ij> for some 0 < ¢ < s—1;
(8.8) fo, (.’L‘) = Je+1
ST % if € [3h_; Xy 00) -

The following two lemmas provide the desired properties of fs,. Their proofs follow directly
from the definition and are thus omitted. Lemma 8.4 essentially relies on the inequality x; <
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-+ < Xj,, while Lemma 8.5 follows from characterizing the concave function « — min{s, fo,(x)}
via its supporting lines.

Lemma 8.4. For x > 0, write

Y(x) = {(yl,...,ys)ERs:OSyngjb for1<b<s and Zyng},
b=1

and let g: Y (z) — [0,00) be defined as

9) =32 fory=(y1,...,y5) € Y(@).
b=1 Xiv

If fo,(x) < s, then max cy(y) 9(y) = fo,(v) and the mazimal value is uniquely attained at

m
17:: (Xju"'anmax_Zij>Oa"'7O>7
b=1

where m = max{0 < k < s: S5, xj, < x}.
Lemma 8.5. Forx >0 and 0 < m < s,

m 4 L Zab=1Xib > min{s, fo,(z)} .
ij+1

Now we are ready to prove Theorem 8.1.

Proof of Theorem 8.1. The proof is adapted from [52, Theorem 1.7] and proceeds by induction
on d. To address the parameter dependence arising from disintegration and to maintain clarity,
we include all necessary details. Assume that the theorem holds whenever the dimension of the
ambient space is strictly less than d. For d = 1, this induction hypothesis is vacuous.

Let () # J C [d]. Since ;g = Tjpy)n implies @y, = ¢y, the partitions (Cy,)nen are the
same for ®; and ®. Thus hpw (P, A) = hrw(®,A) by (1.19). Since A, = A, implies
Ay TP = Ay TPyin> the partition A also satisfies the assumption in the theorem for ®;. Note
that dim 7 ;A is the dimension of 7;II3% = II1®/ 3% for P-a.e. w, where II®/ is the coding map

associated with ® ;. Hence by the induction hypothesis,
(8.9) dimTrJ.A:min{|J|,f¢J(th((I),.A))} fOI‘@;’é Jg [d}

Since combining Theorem 3.2 and Lemma 8.4 implies that fo(hrw (®,.A)) is always an upper
bound of dim A, we only need to show that if dim A < d, then

dim A > min {d, f@(th((I),A))} .

In what follows we assume dim A < d.

First, suppose that dimmg_j A < d — 1. Then (8.9) implies that fq>[d71](hRW(<I>,A)) =
dimmg_yjA < d — 1. Thus hgw(®,A) < Z;t% X; by (8.8). Since (8.8) shows that fo(x) =
fay (@) for < Y0 x;, we have fo, , (haw(®,A)) = fo(hrw(®,A)). Hence dim A >
dim g1 A = fo(hrw (P, A)).
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Next, suppose dim 7jy_j.A = d—1 and dim ;A < |J| for some () # J C [d]. Then dim7;A =
fo,(hrw(®,A)) by (8.9). Write J = {jp};_; with j1 < --- < js, and set J, = {j1,...,p} for
0 < b < s. It follows from Theorem 3.2 that

S 2 o, (i (€,.4)),

b=1 b
where Ay = hg;“i — hgl’)A < xj, for 1 < b < s. Recall hg’A = hrw (P, .A) by definition. Then
Lemma 8.4 implies that 3 5_, Ay = hgw (®, A). From this and hgw (@, 4) — S =375 A,
it follows that hg’A = 0. This shows h[cd’]A =0by (3.5) and &5 < {g. From dim7jg_1jA=d—1
and Lemma 8.4 it follows that

C,A C,A _ :
he sy —hy =Xy for1<j<d-1.

Thus,
d—1
C,A C,A
bty — bt = hew (@, 4) =Y X
j=1

Combining the last two equations with Theorem 3.2 gives

< g haw(®,A) — Y01y,
dimA:ZM:d—l—i— RW( ) ) Z]:IX]
j=1

” Xd > min {d, fo(hrw (®,A))},

where the last inequality is by Lemma 8.5.
Finally, suppose dim7jq_;}A = d — 1 and dim7;A = |J| for each J C [d]. Recall S,(®;),
1 <j <dfrom (1.7). For n € N, define S,,(®) = maxi<j<q Sn(®P;), and for w € 2, define

$(®) = min {llgax A(Pugs pug): wo € AN, 3((u]) > 0,54([e]) > 0, oy # %} ,
<j<d

with convention min ) = 0. Thus S¥(®) > 0 implies S¥'(®) > S,n(®P). Since ®; is Diophantine
for 1 < j < d, there exists ¢ > 0 such that S,(®) > ¢" for infinitely many n € N. By
pigeonholing, there exists 0 < I < N —1 such that S, y;(®) > N1 for infinitely many n € N.
Thus,

(8.10) Sun(®) > Sy (@) > N > (2N,

In what follows we let n € (0,1) and n € N be with 7! < n such that (8.10) holds for n. Take

MN 2N
max < C7.

Let w € Q. If S¥(®) = 0, then H (1%, €%, ) = H(B*,Cpoy) = 0; If $2(®) > 0, then S¥(®) >
Sun (@) > (V)™ by (8.10). From this, (4.2) and 2rMY < 2V it follows that H(v%, E%,)
H(5“,Cnn). Hence,

M large enough so that 2r

(8.11) Hve En) = H(BY,Coy)  for w e Q.

Let Q be the intersection of the Q’s obtained from Lemma 6.1 with 1, n in place of n,n, and
Theorem 8.2 with 7, n in place of &,n. Then P(Q) > 1 — O(n). For w € Q, we have

1

Nry > EH(vag;})_n (by Lemma 6.1)
1

> ﬁH(Vﬁj, EX)—0O(n) (by Lemma 8.3)
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> —H(y, ) — O(1n) (by Theorem 8.2)

H(p*,Can) — O(n). (by (8.11))

Note that H(5“,Cnn) /(nN) < (1/nN)log|Chn| < log|A|. From above, taking integration for
w in Q with respect to P gives

oaz [ CH(E.Cox) dP() - O()

SI=3I=

Q
> [ (5. Cm) dP() = O() (by P(@) > 1~ 0()
_ n%H(B,CnN | A) - O(n) (by (3.14))
> iy (®,.4) = O(). (by (1.19))

Letting n — 0 shows that k4 > hrw (®,.A). Then by (6.1) and Lemma 8.5,

d-1_
hrw (9, Aid_ 2=1 X > min {d, fo(hrw (P, A))}.

This finishes the proof of the final case, and so Theorem 8.1. O

dimA>d-—1+
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